Quantum Mechanics and (Geometry

(preliminary draft updated Jan 2025)

£ (Si Li)

Tsinghua University



HTREEFR R TR IR, E e L .

/\/ 5"

imaginary time (f§ EH‘[EH) for quantum tunneling

Thanks very much for your support of this note! Comments and suggestions are greatly
appreciated. You can contact me at sili@mail.tsinghua.edu.cn. The draft will be updated on

my homepage:

https://sili-math.github.io/

1See Section 2.7.3


https://sili-math.github.io/

Contents

Preface 6
Part I Basic Principles 8
Chapter 1 Hilbert Space Formalism 9
1.1 State Space . . . . . . . 9
1.1.1 Classical State . . . . . . . .. .. 9

1.1.2  Quantum State . . . . . . ... 9

1.1.3  Schrodinger Equation . . . . . .. . ... L o 12

1.2 Observables . . . . . . . . . L 13
1.2.1 Classical Observables. . . . . . . . .. . . ... ... . .. ..., 13

1.2.2  Quantum Observables . . . . . . . . . ... ... ... 14

1.2.3 Expectation . . . . . . . ... e 15

1.3 Measurement . . . . . . . .. L 15
1.31 BornRule . . . . .. oL 15

1.3.2 Collapse of the State Vector . . . . . . . .. . ... ... ... ....... 17

1.3.3 The Double Slit Experiment . . . . . . . . ... ... ... ......... 18

1.4 Uncertainty Principle . . . . . . . . .. o oo 19
1.4.1 Commutator and Uncertainty . . . . . . . . . . ... ... ... ... 19

1.4.2  Some Mathematical Subtleties . . . . . .. ... ... ... ... ..... 22

1.5 Wave Function . . . . . . .. . .. e 24
1.5.1 Hilbert Space of Quantum Particle . . . . . ... ... ... ........ 24

1.5.2 Wave Function . . . . . . . . ... . 25

1.5.3 Position and Momentum . . . . . . . . ... Lo oo 26

1.5.4 Hamiltonian Operator . . . . . . . .. .. ... ... .. ... 26

1.5.5  Stationary States . . . . . . . . . . ... 28

1.6 Free Particle: Example of Continuous Spectrum . . . . . . ... ... ... .... 29
1.6.1 Wave Packet . . . . .. .. . 29

1.6.2 Group Velocity . . . . . . .. . e 30

1.7 Harmonic Oscillator: Example of Discrete Spectrum . . . . . .. ... ... ... 32
1.7.1 Ladder Operators. . . . . . . . . . . . . 33

1.7.2 Ground State . . . . . . . .. 34



1.7.3 Excited States . . . . . . ... 35

1.8 Square Well: Example of Mixed Spectrum . . . . . . ... ... ... ....... 37
1.8.1 Matching Condition . . . . . . .. .. . ... 38

1.8.2 Bound States . . . . . . .. 38

1.8.3 Scattering States . . . . . . . . .. 43

1.9 Scattering . . . . . . . . L 47
1.9.1 Wave Packet Scattering . . . . .. ... ... ... .. 47

1.9.2 S-matrix . . . . .. L 50

1.9.3 Unitarity . . . . . . . . e 51

1.9.4 Time Reversal Symmetry . . . . . . ... .. L L o 52

1.10 WKB Approximation . . . . . . . . . . . 53
1.10.1 Approximation Scheme . . . . . . . .. .. ... 53
1.10.2 Turning Points and Airy Functions . . . . . . . ... ... ... ... 55
1.10.3 Connection Formula . . . . .. .. .. ... ... oL 56
1.10.4 Semi-classical Quantization Rule . . . . . . ... ... ... ... ... .. 58
1.10.5 Quantum Tunneling . . . . . . .. . ... L 60

1.11 Quantum Kepler Problem . . . . . . ... ... o oL 62
1.11.1 Angular Momentum . . . . . . . . . .o 62
1.11.2 Enhanced Symmetry . . . . . . . . .. 64
1.11.3 Representations of so(3) . . . . . . . . ..o 67
1.11.4 Energy Spectrum . . . . . . . . . . . 68
1.11.5 Hydrogen Atom . . . . . . . . . . . . . 69
Chapter 2 Path Integral Formalism 71
2.1 Path Integral: Introduction . . . . . .. .. .. . oL o oo 71
2.1.1 Quantum Evolution and Feynman Kernel . . . . . ... ... ... .... 71
2.1.2  Position and Momentum Representation . . . . . . . . ... ... ... .. 73

2.2 Path Integral via Time Slicing . . . . . . . . .. . .. . L oo 75
2.2.1 Free Particle . . . . . . . . . 75
2.2.2 Infinitesimal Time . . . . . . . . . . . . .. 76
2.2.3 Composition Law . . . . . . . . . ... 7
2.2.4 Path Integral . . . . . . . . . . . 78
2.2.5 Imaginary Time . . . . . . . . . . 79

2.3 Gaussian Path Integral . . . . . . . . .. . L oo 80
2.3.1 Gaussian Integral . . . . . . ... 80
2.3.2 Zeta Function Regularization . . . . . .. .. .. ... .. 81

2.4 Harmonic Oscillator . . . . . . . .. . L 84
2.4.1 Integral Kernel . . . . . . . . . . . 84
2.4.2 Partition Function . . . . ... ... o 86

2.5 Asymptotic Method . . . . . . . ... 86



2.5.1 Laplace’s Method . . . . . . . . . ... 87

2.5.2  Method of Steepest Descent . . . . . . . . . ... ... .. ... ... ... 89
2.5.3 Morse Flow . . . . . . . . . e 91
2.5.4 Stokes Phenomenon . . . . . .. ... o 93

2.6 Semi-classical Approximation . . . . . . .. ..o 99
2.6.1 Semi-classical Feynman Kernel . . . . .. .. ... ... ... ... ... 99

2.6.2 Jacobi Field . . . . . . . . .. 103
2.6.3 Time-slicing Method . . . . . . . . . . . ... Lo 106

2.7 Green’s Function . . . . . . . .. L L L 108
2.7.1 Green’s Function with Fixed Energy . . . . . ... ... ... ... ... 108
2.7.2  Semi-classical Analysis . . . . . .. ... o Lo L 112

2.7.3 WKB via Path Integral . . . . ... ... ... ... ... ... ... 122
Part I Geometric Perspectives 129
Chapter 3 Phase Space Geometry 130
3.1 Symplectic Geometry of Phase Space . . . . . . .. ... ... .. 130
3.1.1 Symplectic Vector Space . . . . . . . . . ... 130
3.1.2 Lagrangian Grassmannian . . . . . . . . . . . ... oo 134
3.1.3 MaslovIndex . . . . . .. . 137
3.1.4  Symplectic Manifold . . . . . ... ... oo 139

3.2 Semi-classical Quantization . . . . ... . L oo oo 143
3.2.1 Semi-classical Solution . . . . . ... ... 143
3.2.2 Half-Density . . . . . . . . e 146
3.2.3 Maslov Correction . . . . . . . . .. L 148

3.3 Heisenberg Group . . . . . . . ... 152
3.3.1 Heisenberg Lie Algebra . . . . . . . . . ... ... 152
3.3.2 Heisenberg Group . . . . . . . .. 153
3.3.3 Schrodinger Representation . . . . . . ... ... L. 153
3.3.4 Bargmann-Fock Representation . . . . . . .. .. .. ... ... ... .. 155

3.4 Weyl-Wigner Transform . . . . . .. . ... ... 160
3.4.1  Weyl Quantization . . . . . . . ... 160
3.4.2 Moyal Product . . . . .. . .. 162
3.4.3 Wigner Transform . . . ... .. ... ... ... 163

3.5 Geometric Quantization . . . . ... L L oL Lo 167
3.5.1 Dirac Quantization Principle . . . . . . . ... ... L. 167
3.5.2  The Groenewold-Van Hove Theorem . . . . . .. .. .. ... ... .... 169
3.5.3 Prequantization . . . . . . . ..o 171
3.5.4 Polarization and Quantum States . . . . . . . ... ... ... ... ..., 175



3.5.5 Quantum Operators . . . . . . . . . . . . 179

3.6 Path Integral in Phase Space . . . . . . .. .. ... ... o L. 183
3.6.1 Wick’s Theorem . . . . . . . . . .. .. . . 183
3.6.2 Feynman Graph Expansion . . . .. .. ... .. ... ... ... ... 187
3.6.3  Weyl Quantization Revisited . . . . . . . .. ... ... ... .. 191
3.6.4  S'-Correlation . . .. ... ... ... 196
3.6.5 Hochschild Homology . . . . . . . . . . . .. . 200

Chapter 4 Deformation Quantization 206

4.1 Deformation Quantization . . . . . . . . . ... 206
4.1.1 Formal Deformations . . . . . . . .. .. ..o oo 206
4.1.2 Poisson Algebra as Classical Limit . . . . . .. .. ... ... ... .... 208

4.2  Geometric Approach on Symplectic Manifolds . . . . . .. ... ... ... .... 210
421 WeylBundle . . ... .. . 210
4.2.2 Symplectic Connection . . . . . . .. . Lo 212
4.2.3 Fedosov’s Abelian Connection . . . . . . . . . . ... ... ... 215
4.24 Symbol Map . . . . . .. 219
4.2.5 Globalization . . . . . . . ... 221

4.3 Poisson Manifold . . . . . . . ..o 222
4.3.1 Polyvector Fields . . . . . . ... . o 222
4.3.2 Poisson Manifold and Poisson Cohomology . . . . . . ... ... ... .. 223
4.3.3 Kontsevich’s Star Product . . . . . .. ... oo oo 226

4.4 Trace Map . . . . . o . o e 230
4.4.1 Differential Graded Algebra . . . . . . . . ... ... L. 230
4.4.2 Quantum HKR Map . . . . . . ... ... . 234
4.4.3 Twisting by Fedosov’s Abelian Connection . . . . . . .. .. ... ... .. 236
4.44 Trace Map and Index . . . . . . .. .. Lo oo 239

Bibliography 242



Preface

In April 2021, Qiuzhen College (REF5B%) was newly established at Tsinghua University
under the leadership of Professor Shing-Tung Yau. It homes the distinguished elite mathematics
program in China starting in 2021: the “Yau Mathematical Sciences Leaders Program” (Fr iiiAf
e Bl N A 55551 R). This program puts strong emphasis on basic sciences related to
mathematics in a broad sense. Though majored in mathematics, students in this program are re-
quired to study fundamental theoretical physics such as classical mechanics, electromagnetism,
quantum mechanics, and statistical mechanics, in order to understand global perspectives of

theoretical sciences. It is an exciting challenge both for students and for instructors.

This preliminary note is intended for the course “Quantum Mechanics” that I lectured at
Tsinghua University in 2023 and 2024. It is a continuation of [36, 37] in this series. The first
part of the note is physics-oriented and aims to elucidate the fundamentals of quantum mechan-
ics. Chapter 1 explains the foundational principles of traditional Hilbert space and operator
approach to quantum mechanics. This formalism establishes a framework for describing the
evolution of quantum systems in terms of unitary transformations and measurements. Chap-
ter 2 explains the path integral approach to quantum mechanics, which characterizes quantum
dynamics of particles in terms of probabilistic paths. This formalism provides a powerful tool
for calculating transition amplitudes and understanding quantum phenomena, and has been
widely generalized and developed within modern quantum field theory. These two equivalent
formalisms are deeply intertwined and illustrate different faces of the exciting development of

quantum mechanics.

The second part of the note is mathematics-oriented with emphasis on modern geometric
and algebraic formulations of quantization. Chapter 3 explains the phase-space formalism of
quantum mechanics as well as the theory of geometric quantization and perturbative approach
to path integrals in phase space. Chapter 4 is focused on the algebraic theory of deformation
quantization which deals with the operator of quantum observables as a formal deformation
of classical observables. In this theory, the Planck’s constant & is treated as a formal variable

parametrizing a family of quantum algebras.

Two parts of the note are closed related and we explain the bridge along the way. Some

useful resources that we consulted are listed at the end of this note.






Part 1

Basic Principles



Chapter 1 Hilbert Space Formalism

In this chapter, we explain the foundational principles of Hilbert space and operator ap-
proach to quantum mechanics. This formalism establishes a framework for describing the evo-

lution of quantum systems in terms of unitary transformations and measurements.

1.1 State Space

1.1.1 Classical State
One fundamental difference between classical mechanics and quantum mechanics is how a

state of the system is described. Recall that in classical mechanics, the state of a particle is
usually described by a point in the phase space M, whose geometry is described by a symplectic

manifold. For most cases of our interest, M is parametrized by {mi, pi}, where
x' = (generalized) position,
p; = (generalized) momentum conjugate to x’.
The time evolution of the state is described by a trajectory parametrized by the time:

state at time t.

{xi(t),pi(t)} :
In the Hamiltonian formalism, this classical evolution is described by Hamilton’s equations
da'  OH
dt op;
i __OA

dt — oxi’

Here 5% is a function on the phase space, called the Hamiltonian function. The system of

Hamilton’s equations determines the evolution of the state.

1.1.2 Quantum State
In quantum mechanics, the state of the particle is represented by a vector in a Hilbert space

V. We will always assume that the Hilbert space V is separable.
Definition 1.1.1. A Hilbert space is a C-linear vector space equipped with a positive definite

Hermitian inner product such that the space is complete with respect to the induced norm.



One can also talk about R-linear Hilbert spaces, but we will focus on the C-linear case. As
we will see, the angular phase factor will play an important role in quantum mechanics

Let V be a Hilbert space. The Hermitian inner product is a sesquilinear pairing

The Hermitian property says

(Vo) = (plp) Y, e V.

The positive definite property says

(Y[¢) =20 Yy eV
(Y[¢) =0

The induced norm on V is given by

if and only if ¢ = 0.

1ol = V@le), eV

Being a Hilbert space, V has to be complete with respect to the norm ||-]|.

Example 1.1.2. V = C". A vector u € V is represented by

u=1 1, z; € C.

Zn

We can define the standard Hermitian inner product by

(ulv) = Zziwi

T T
zn) , U= (wl wn) . Then C™ is a finite dimensional Hilbert space.

Example 1.1.3. V = L2(R). For any f,g € L*(R), define

foru= (21

(flg) = /R F(2)g(x)dz.

This defines an infinite dimensional Hilbert space.

Remark 1.1.4. We will use Dirac’s bra-ket notation and write a vector ¥ € V as a “ket”
W) € V.

10



A “bra” (p| for ¢ € V represents the linear form

(| : V—C
) — (pl¥)).

In other words, the “bra” is related to the “ket” in terms of Hermitian conjugate.

For example of V = C", given

<1 w1

Zn Wn

we can represent
w1
D “ket”: |v) =
Wn,
@ “bra”: (u] = (21 Zn>.

Then the Hermitian inner product is

(ulv) = (51 gn)

So what is the essential change for the description of state from classical to quantum?

Classical State | Quantum State

Set Vector space

The algebraic structure on the space of states has been enhanced from a set to a vector
space! This in particular implies that we can take a linear superposition of two quantum states

[t1),]¥2) € V to form another quantum state

At]th1) + Aalth) eV

where A1, Ay € C. This linear operation is not allowed on the set of classical states. As we will
see later in this note, many interesting quantum phenomena come out of this linear structure.
To get a first impression, consider a quantum system described by a two dimensional Hilbert

space spanned by
M, -

For example, this could be a spin system, where [1) indicates a state with “spin up”, and
|4} indicates a state with “spin down”. Then we can take a combination to obtain a state
1 1
TCHNG
This is a new state. But what is its spin? You should keep this simple question in mind along

the way. It is as good as the state |1) or the state |]).

)+ =)

11



As another example for illustration, let us consider how to describe the state for two
particles. In the classical case, if the set of states for particle ¢ is M;, ¢ = 1,2, then the state
space for the total is

My x M.

In the quantum case, if the state space for particle ¢ is V;, then the naive set-theoretical
product Vi x Vs does not work. This is simply because V; x V5 is not a linear vector space.

Instead, we have to consider its linearization and arrive at the tensor product
Vi1 ® Va.
A main difference between M7 x Ms and V; ® Vs is that a point in M7 x Ms is of the form
mi X msy where my € My, ma € Mo

while a vector in Vi ® Vg could be of the form

k
Zi/h'@%‘ where ¥; € Vi, ¢; € V.
i=1
For example, this tensor structure is the origin of quantum entanglement.

1.1.3 Schrodinger Equation

We next discuss the law governing the time evolution of quantum states.

Definition 1.1.5. Let A be a linear operator on the Hilbert space V with a dense domain
Dom(A) C V. The adjoint operator A* of A is defined by

A* : Dom(A*) — V
where the domain of A* is
Dom(A*) = {1/1 e V’ B €V : (| Ap) = <z;‘gp>, Yy € Dom(A)} .
Here, for ¢ € Dom(A*) and 1) as above,
A% =P
Symbolically, the defining relation for the adjoint is
(A"lp) = (¢¥[Ag)

for ¢ € Dom(A), ¢ € Dom(A*).

Definition 1.1.6. If A = A*, then A is called self-adjoint.

12



Remark 1.1.7. When V is finite dimensional and A is represented by a matrix, A* is given by the
conjugate transpose. There a self-adjoint operator is the same as a Hermitian matrix. When V
is infinite dimensional, which is of our interest in quantum mechanics, self-adjoint operators are
much more delicate and we have to work with densely defined domain. Nevertheless, interested

readers can refer to standard context in functional analysis to clarify related statements.

In quantum mechanics, the time evolution of quantum state |¢)(¢)) obeys the
- ) . d o~
Schrédinger equation : zhﬁh/)(t)) = H|y(t)).

Here H is a self-adjoint operator, called the Hamiltonian operator. The positive number £ is
called the Planck constant, which is one of the fundamental constants in physics.

Assume H is time-independent, then the Schrédinger equation can be formally solved by

(1)) = e R 0)).

The operator e *Ht/" (which can be defined using functional calculus) is a one-parameter

family of unitary operators on V, known as the time-evolution operators. Conversely, a strongly
continuous one-parameter family of unitary transformations is generated infinitesimally by a

self-adjoint operator. This is known as Stone’s Theorem.

1.2 Observables

1.2.1 Classical Observables
In classical mechanics, observables are represented by functions on the phase space M
Obs® = O(M).

Here O(M) means (appropriate) space of functions on M. We will not specify the class of
functions to avoid technical discussions unnecessary for our purpose. You can safely work with
smooth functions here.

Since M is a symplectic manifold, the space of functions O(M) on it naturally carries a

structure of Poisson bracket
{—,=}:0(M)x O(M) — O(M).
It is a bilinear map and satisfies the following properties
o Skew-symmetry: {f,g} = —{g, f}.
o Leibniz rule: {f,gh} ={f,g9}h+ g{f, h}.

« Jacobi identity: {{f,g},h} + {{g,R}, f} +{{h, f},9} =0.

13



For example, assume the phase space M is parametrized by { a:’} and their conjugates {p;},

such that the symplectic structure takes the form
Z dzt A dp;.
Then a classical observable is a function f(x,p) of {xi, pi}. The Poisson bracket takes the form
_ of dg  Of dg
{f.9}= ; <6xi Op; Op;0x' )"

1.2.2 Quantum Observables

In quantum mechanics, quantum observables consist of self-adjoint linear operators on the
Hilbert space V of the system. We have seen one such quantum observable, the Hamiltonian
ﬁ, which governs the dynamical evolution of the system via the Schréodinger equation.

Let Obs? denote the space of quantum observables. Let A, B be two self-adjoint operators

We consider their commutator
[A,B] := AB — BA.

Its adjoint is
[A,B]* = B*A* — A*B* = [B*, A"|
= [B,A] = —[A, B].
Therefore i[A, B] is again self-adjoint. The combination
1

[— —]n = _ﬁ[_’ —] : Obs? x Obs? — Obs?

defines the quantum bracket on quantum observables. Here the positive number F is the Planck

constant. The quantum bracket is again skew-symmetric
[A, Blp = —[B, Aln
and satisfies the Jacobi identity
[A, [B, Cla]n + [B, [C, Aluln + [C, [A, Blp]n = 0.

These properties follow from the associativity of the composition of operators.

The algebraic relation between classical and quantum observables can be summarized by

Obs* Obs?

quantization

Poisson algebra Associative algebra

(" {_’ _}) classical limit (*F“ [_7 _]h)

14



The classical Poisson bracket {—, —} measures the leading order noncommutativity of quantum
operators. Strictly speaking, we have extended Obs? to contain linear operators that are not
self-adjoint, in order to perform compositions to form an associative algebra. The study of such
algebraic correspondence is the main subject of deformation quantization. We will discuss in

details about this in Chapter 4.

1.2.3 Expectation

Let V be the Hilbert space of a quantum system. Let O be a quantum observable, which is
a self-adjoint operator on V. Assume the system is at the state |¢)) € V. The expectation value

of O of the system is defined to be

wlol)
Oy = "y

Here O|¢) = |Ov) is the action of O on the state [¢)) . It would be convenient to normalize the
state such that

[Pl = v {ply) = 1.

In many contexts, states of quantum system are referred to normalized vectors in the

Hilbert space. Then in the normalized case

(0)y = (¥IO]4).

Note that the expectation values of quantum observables are real numbers. In fact,

0*=0

([01) = ($[0¢) = (O7[)

= (¢[0]¢) eR.

(OY[) = ($|0y) = (¥|0]¢)

Here we have used the self-adjoint property of O. This implies that eigenvalues of O are real.
Assume |v) is a normalized eigenvector of A with eigenvalue A. By our discussion above, A
has to be a real number. As we will discuss soon later, eigenvalues are the outcomes of physical

measurement for quantum observables.

1.3 Measurement
1.3.1 Born Rule
We have discussed two basic postulates of quantum mechanics:
e a quantum state is a vector in a Hilbert space V.
e a quantum observable is a self-adjoint operator on V.

Now we turn to the interpretation of measurement for a quantum observable in a given

quantum state. The first statement is

15



e possible outcomes of quantum measurements are eigenvalues of quantum observables.

Let O be a quantum observable, which is a self-adjoint operator on V. As we have seen,
self-adjointness implies that eigenvalues of O are all real numbers. The above postulate says
that these real numbers are the possible outcomes of measurements of 0.

Assume the system is now at a state 1)) € V. How come to obtain an eigenvalue of O out
of the quantum state |1)) under a measurement?

Firstly, assume [¢) is an eigenvector of O with eigenvalue A

Ol¢p) = Al).

Then it is natural to expect that the measurement of O in the state |¢) is A\. This is indeed the
case. However, in general |1)) may not be an eigenvector of O, What do we get? The answer is
probabilistic, known as the Born rule.

Let us first mention that two vectors in V, which are proportional by a nonzero complex
number, represent the same physical states. In other words, each physical state is represented by
a “ray” in the Hilbert space V. For example, the expectation value of the quantum observable

O in a state |¢)

WO
Oy = "1i1)

is the same if you replace |¢) by a|¢) for any complex number a € C*. Therefore we usually

normalize the state and represent a physical state by a vector of length 1

(Yly) = 1.

We will call such vector of unit length a normalized state.

Let O be a given quantum observable. Assume |¢1) and |i;) are eigenvectors

OlY1) = A1lr), Ol2) = Aaltha)

with different eigenvalues A\; # Ag. Then these two vectors |¢1) and [i2) must be orthogonal

(Y1]1p2) = 0.

This follows from the self-adjointness of O
A2 (Y1 |vh2) = (¢1]O0%2) = (OY1|2) = A1 (1 [t2)
- (Y1]ha) = 0.

If |¢p1) and [ip2) have the same eigenvalue A\; = Ao, then they may not be orthogonal.
Nevertheless, we can apply the Gram-Schmidt procedure to rearrange them to be orthogonal.
Let us assume that the quantum state [i)) of the system under measurement can be de-

composed in terms of orthonormal eigenstates of the quantum observable O

V) = an|¢a>a ca € C.

«a

16



Here O[1)) = Aal|tha) for eigenvalues Ay, and |¢,)’s are normalized vectors and orthogonal with
each other for different a’s. Things could be complicated in general where some A,’s could
be the same (so with degenerate eigenspace) or eigenvalue spectrum could be continuous (see
Section 1.8 for one example). Let us not worry about these issues at the moment.

Assume [¢)) is normalized. The normalization condition (|¢)) = 1 implies (using the

D el = 1.
(0%

One interprets this formula as probability.

orthonormal property of |14)’s)

Born rule: the result of measurement of a quantum observable O in the quantum state [¢) is

probabilistic: the probability of the measurement with answer A is

P =) leal®.

Aa=A

Using the orthonormal property, the complex number ¢, can be obtained by

Ca = WaW)
which is called the probability amplitude. Thus the Born rule can be stated as
Probability = |[Amplitude|*

Remark 1.3.1. In the case of continuous spectrum, we need to invoke spectral theorem to give

probability measure.

1.3.2 Collapse of the State Vector

The experiment for measurement in quantum mechanics involves the composite systems
essentially. Said in another way, any measurement of a quantum system (with an external
apparatus) will disturb the state. In fact, it is even more mysterious. After measurement of a
quantum observable O, with outcome of an eigenvalue A, the state will change into an eigenstate

of the corresponding eigenvalue A. This phenomenon is called the
“collapse of the state vector”.

Since the state becomes an eigenvector after the measurement, if there is no other disturbance
of the system, then the further repeated measurement of O will always produce A.

There are a collection of views about the meaning of quantum mechanics, including the
above Born rule and collapse of the state vector. It coins the term “ Copenhagen interpretation”.
It is not entirely satisfactory, and leads to many confusions and debates in the history. Concern-
ing the collapse, there is also the “many-worlds interpretation” by Hugh Everett, which assumes
that the state vector does not collapse, but all possible outcomes of quantum measurements are
realized in some parallel worlds. We will not go further into these issues here.

Nevertheless, quantum mechanics works, and has been one of the most successful framework

in physics. Many people take practical viewpoints. Here is a famous quote by David Mermin:

17



“If I were forced to sum up in one sentence what the Copenhagen interpretation says to me, it
would be ‘Shut up and Calculate!” ”

So we see that even though the evolution of the state is deterministic, captured by the
Schrédinger equation, the prediction for the measurement is probabilistic. Furthermore, the
measurement will change the state. Then how do we test quantum mechanics?

To test such probabilistic prediction, we need to prepare a quantum ensemble consisting
of a large number of particles in the same state. Then we do the same measurement for each
particle. The outcome of each measurement ends up with some eigenvalue, which may differ
in a repeated measurement for another particle in the same state. Then we can collect the

statistical result of these measurement to check with the probabilistic prediction.

1.3.3 The Double Slit Experiment

Consider the following experiment set-up: there is a source S on the left which is able to
emit particles in all directions; there is a wall in the middle with two small holes on it; there is

a screen on the right which is a detector that can record each particle when it arrives.

1
7
o —>
S ™\
2
source wall detector

We are looking for the outcome distribution of particle counts on the detector.

In the classical picture, if we close the hole 2, we find a distribution of particle counts on
the detector that come from the hole 1 only. Let us call this P;. Similarly, if we close the hole
1 and leave the hole 2 open, we find a distribution P, that counts particles that come from the
hole 2. Now if we open both holes, we shall see the distribution on the detector as the sum of
the above two

P=P + P

The resulting distribution P would look like

1 P
Classical Picture: >

2

wall detector

18



In the quantum case, we have a superposition of the above two situations. From the linear

relation
(Pl1 + ¥2) = (d]Y1) + (Blih2)
we see that it is the probability amplitude that is summed over from each case

A =41+ As.

As we have seen, the probability distribution of the measurement is the square of the
amplitude
Pi=lAl? P= Al

P = AP = |A; + A
Since the amplitudes are complex numbers,

P+ P+ P,

we will observe interference pattern like that for light waves.

P
1 )>
Quantum Picture:
2 >>
wall detector

Now this can be tested for a beam of quantum particles, say electrons. The outcome indeed
exhibits the interference pattern of the quantum picture.

This is surprising. One can try to set up another apparatus near the hole to tell us each
time which hole each particle passes through the wall. To measure this, you will necessarily
disturb the state of the particle. For example, you may try to achieve this by using photons to
detect the electron at the hole. Such measurement will collapse the state vector. As a result, you
will find the interference pattern disappears, and we arrive at the classical picture. Quantum
particles behave as both waves and particles! This is the concept of wave-particle duality.

The double slit experiment was originally designed to demonstrate the wave behavior of
light. It was de Broglie who made the brave postulation that all matters have wave properties.

This prediction was soon verified for electrons.

1.4 Uncertainty Principle

1.4.1 Commutator and Uncertainty

Measurement of a quantum observable O will produce an eigenvalue of O and collapses

the state into an eigenvector of 0. It is natural to ask whether we can measure two quantum
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observables simultaneously. For example, we would like to measure the position and the mo-
mentum. This is not a problem in classical mechanics. However, we will run into trouble in
quantum mechanics.

Let A, B be two quantum observables. Our postulate on measurement asks for common
eigenvectors of A and B under a simultaneous measurement of them. As we have learned in
linear algebra, common eigenvectors may not exist if A and B do not commute. For example,

assume the case when A and B satisfy
[A,B] =il
where I is the identity operator. Assume |¢)) is a common eigenvector of A and B

Alp) = M9), Bly) = Xa|v).

Then
i) = [A, B][¢) = (AB — BA)|¢)) = (A1A2 — A2 A1) ) = 0.

Thus the problem of simultaneous measurement is related to the commutator of quantum

observables. Let us first introduce the notion of uncertainty of a quantum observable in a state.

Definition 1.4.1. The uncertainty of O in a quantum state |¢) is defined to be

@07 =((0-(),)")

Explicitly, let [¢)) be a normalized state. Since (0),, € R, we have

P

(2,07 = (0= (©),) v|(0 - (0),) ).
In particular, A,O = 0 if and only if
Olyp) = (0)y, [¥),

i.e. when |¢) is an eigenvector of O. In this case, the measurement of O is certain, given by the
corresponding eigenvalue. In general, the uncertainty measures the average fluctuation around
the expectation. In probability, the uncertainty is also called the standard derivation. Note

that we also have
2 2 2
(Ay0)% = <02 ~2(0),0+ <o>¢>w = (0%), — (0)2.
A precise form of the uncertain principle is the following statement.
Proposition 1.4.2. Consider two quantum observables A, B in a quantum state |¢). Then

(ApA) (AyBY? > i

(14, B),

=
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Proof: 1f one of Ay A or AyB is zero, say Ay A = 0. Then v is an eigenstate of A, and

([A, Bl)y, = (AY|By) — (By|Ap) = (A), (Y| B) — (Bip|)) = 0.
Thus we only need to consider the case when both AyA and Ay B are nonzero.
Let A=A — (A) I and B= B — (B), 1. Then we have <Z>w = <§>1/) =0 and
AypA = AyA, AyB = AyB, [Z,E] =[A, B].

Therefore we can assume (A),, = (B), = 0 without lost of generality.
Let |¢)) be normalized. Then

(AyA)? = (42), = (] 4%]1)
(AyBY = (B2), = (WIBw)
Since A, B are self-adjoint, the following quantities
(4%, (B, (4B,
are all real numbers. Let 1,72 be two arbitrary real numbers. Then
0< |(nA+inB)v|?
= (A +i72B) Y|(mA + ivB)¥)
= (¥|(mA — i72B) (mA + iv2B)[¥)
= (AyA)* 77 + i ([4, Bl)ym2 + (AyB)* 75,
Since this holds for arbitrary real values of 71,2, we have

(8u AP (AyBY > ¢ (14, B), [

O]

Remark 1.4.3. From the above proof, it is not hard to see that the equality in the above

proposition holds if and only if there exists real numbers (y1,72) # (0,0) such that |¢) is an

eigenvector of v1 A + iy, B.

Proposition 1.4.2 states that if ([A, B]),, # 0, then there is a lower bound on the product

of the uncertainties of A and B. For readers who are careful about linear operators on Hilbert

spaces, you may worry about the domain for the operators in Proposition 1.4.2. There is indeed

such mathematical subtleties. We will briefly comment shortly in the next subsection.

Example 1.4.4. As we will discuss extensively later, the position operator  and momentum p

in quantum mechanics satisfy the following commutation relation
[z, p] = ih.
Then the uncertainty inequality implies

(By#) (Agp) 2 2.

This is the celebrated Heisenberg uncertainty relation. It says that in any quantum system,

we can not make precise measurement for both the position and momentum simultaneously.
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1.4.2 Some Mathematical Subtleties

In quantum mechanics, we will often encounter a pair of quantum observables satisfying
[A, B] = ih.

This is called the “canonical commutation relation”. They arise naturally from the quantum
observables associated to canonical conjugate quantities. The position £ and momentum p is
such an example.

For canonical commutation relation to hold, the Hilbert space V is necessarily infinite
dimensional. In fact, assume dim¢V < oo, and A, B are two linear operators on V satisfying

the canonical commutation relation. Then
0 = Tr[A, B] = Tr(ih) = ih dimc V.

This is a contradiction.

Let us now assume V is an infinite dimensional Hilbert space. We know that bounded and
unbounded linear operators behave very differently. For examples, bounded linear operators
can be defined on the whole V, while unbounded linear operators can only be defined on dense
subspaces of V. The domains for relevant operators become a subtle issue, and we have to live
with that. For example, the Hamiltonian operator ﬁ, which captures the dynamical evolution
of quantum states, is usually an unbounded operator. The next proposition reveals another

essential appearance of unbounded operators.

Proposition 1.4.5. Assume A, B are two self-adjoint operators on 'V that satisfy the canonical
commutation relation
[A, B] = ih.

Then at least one of A, B is unbounded.

Proof: Let h = 1 for simplicity. Assume both A and B are bounded, so their operator norms
|A|| < o0, ||B]| < oo. Since B is self-adjoint, we have ||B™|| = || B|".

Inductively, one can show

[A,B¥) =i kB k>1.

Then
O s e
which implies that
Bl =L, k=1
This is a contradiction. 0

Let Dom(A) denote the domain of A. A mathematical precise statement of Proposition
1.4.2 is that

(Bp AP (8yB) > ¢ (A B), [
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holds for a state 1 belonging to the common domain of AB and BA, i.e., for
1 € Dom(AB) N Dom(BA).
This indeed could lead to some mathematical subtleties. Here is one example.

Example 1.4.6. Consider the Hilbert space
V = L*([0,1)).

A state ¢ € V is a function ¥ (x) on x € [0, 1] which is square integrable.

We define the position operator & by multiplication with x

Z s a bounded operator since x € [0, 1].

We define the momentum operator p by the differential operator

d
) := —ih—.
b ! dx

It is clear that the canonical commutation relation holds
[Z,p] = ih.

This implies that p must be unbounded, and so only densely defined.
For example, we can define p on continuously differentiable functions on [0,1] that satisfy

the periodic boundary condition

We can verify that for two such functions, the adjoint property holds:
T d
(nliun) = [ Bato) (=i vnte) ) d
0 X

AN
= =ity + [ =it
= 0+ (p1v2) = (P |t2).

One can further show that we can extend such defined p to a self-adjoint operator.

Now consider the following normalized state
w(x) — 627rix‘

This is an eigenstate of p since pyp = 2whip. Thus Ayp = 0. It is also straight-forward to
compute AyZ = \/% On the other hand,
In this case, we find

(Ay)? (Ayp)® =0
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while

The uncertainty inequality of Proposition 1.4.2 fails in this case. The issue is about the domain.

1 is no longer periodic and does not lie in the domain of p.

In practice, we will work with nice state vectors in appropriate domain for relevant examples
in physics, so that the uncertainty inequality does hold. We will not check this subtlety all the

time. Careful readers can keep this in mind.

1.5 Wave Function

We now focus on studying quantum particles in the space R™. Main examples will be

focused on one-dimensional case (n = 1) and three dimensional case (n = 3). We will use

to parametrize positions in R™.

1.5.1 Hilbert Space of Quantum Particle

The relevant Hilbert space that realizes the scalar quantum particle in R is
V = L*(R™).
An element f € V is a complex valued measurable function that is square integrable
/ d™x |f(x)|* < 4oo0.
Here d"x := dz'dz?- - - da” is the standard measure on R”. The Hermitian inner product is

wlf) = [ xaRr).

171 = \/ R

Thus a function f € L?(R") will be also called normalizable. Otherwise, a function which

In particular, the norm of f is

is not square integrable will be called non-normalizable.
As we have discussed before, physical states are represented by normalizable functions.
Nevertheless, non-normalizable functions will also play an important role. For example, given

any p = (p1,--- ,pn) € R™, the following function

X/ where p-x= Zpia:i
i

is non-normalizable since

A 2
ePx/h } =1 everywhere.
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However, any normalizable function f can be expressed as a superposition

L[ e
Rn

f(x) = (27‘(‘7L)n/2

This is the celebrated Fourier transform. The corresponding Fourier modes f (p) can be also

obtained via the inverse Fourier transform

- 1

flp) = W /Rn d"x e*ip-x/hf(x).

1.5.2 Wave Function

Quantum mechanics describes a moving particle by a path (parametrized by the time t) in

the Hilbert space. Explicitly, this is realized by a complex valued function
U(x,1)

such that ¥(x,t) is normalizable at any fixed time ¢. This is called the wave function of the

quantum particle. The evolution of the wave function obeys the Schrodinger equation

o~
e —Hw.
"ot

Here H is the Hamiltonian operator, which is a self-adjoint operator on the Hilbert space. We
will discuss the form of H shortly.
First, we observe that the Schrédinger equation implies the invariance of norm under time

evolution. In fact,

0 0 0
ih—(V|¥) = ( —ih——V|¥ Ulih—W
ih g (Y1) <Zat ‘ >+< Zazt>
= (~Hv|v)+ (v[iv)
=0 (using self-adjointness of ﬁ)
i.e., (¥|¥) does not depend on time ¢. Therefore we will assume the wave function is normalized
by (¥|¥) =1 at any time, i.e.,
/ d"x |U(x, t)[> = 1.
In the beginning, Schrodinger interpreted the wave function W(x,t) as representing a parti-
cle that could spread out and disintegrate. There the magnitude of |¥(x, ¢)|* would represent the
fraction density of the particle to be found at position x and time ¢t. However, this turns out to

be inconsistent with experiments. Born figured out the solution and proposed the probabilistic

interpretation:

/ d"x |W(x,t)|* = probability of finding the particle in the region V C R™ at time ¢.
v

This is precisely the Born rule. The magnitude of |¥(x,t) |2 is the probability density at x € R".
The total probability over the whole space R™ is 1, as promised by the normalization condition.

Thus this probability interpretation is compatible with the quantum dynamics.
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1.5.3 Position and Momentum

The quantum operator &’ associated to the i-th position is defined to be multiplying by z°

(2'f) (x) == 2" f(x).

In order to understand the quantum operator p; associated to the corresponding conjugate
momentum, we recall that conjugate variables are related by Fourier transform. If we go to the

momentum space
fx) «—  [f(p)
then the effect of p; should correspond to multiplying by p; in the Fourier dual

(i) (x)  «—  pif(p)

Implementing this relation into the Fourier transform

1

f(X) = (27T7L)n/2

[ ey
]Rn

we find 5
(53 ) (%) = =i ().

In other words, p; is represented by the differential operator

By =~

It is now clear that the position operators and momentum operators satisfy the canonical

commutation relation
|, 5] = ind.
Here 5;’? is the Kronecker delta symbol. In particular, Heisenberg uncertainty relation holds

AP Apy, > g

1.5.4 Hamiltonian Operator

We consider a particle of mass m moving in the potential V'(x,t). Classically, the dynamics

is described by the Hamiltonian function .7(x,p) in the phase space

p2

Here % is the kinetic energy, and V is the potential energy which is real valued.
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In quantum mechanics, the Hamiltonian function will be quantized to a self-adjoint Hamil-

tonian operator. The natural candidate is to replace
N

i ~
T — T, Di — Di-

In this way we find the Hamiltonian operator

where V2 =Y, 821' aii is the Laplacian operator.
We will mainly study the Hamiltonian operator of the above form in this chapter. The

corresponding Schréodinger equation now takes the explicit form

ihg\lf(x t) = fiv%V(x t) ) U(x,t)
ot 7 T\ 2m ’ o

The fact that the Hamiltonian operator H is a differential operator also leads to a local

form of the conservation of probability. Let
p(x,t) = |¥(x, 1)

denote the probability density. As we have seen, the Schrodinger equation implies the conser-
vation of total probability

d
o7 d"x p(x,t) = 0.

This conservation law can be promoted to a standard local form

B S
_ V-7=0
8tﬂ+ J

for a current vector field j. Indeed, using the Schrédinger equation and reality of V/,
(o RN} —)
S el PR il
o’ = ot TV
i 7=~ i—
= (Aw)w- = (fiw)

i
_ifn (V2U) ¥ 4 VU + h—zﬁvzqf —VIU
h 2m 2m

ih _ —
=5V [(VT) ¥ - TVY]

SO y———— ho—
= J=5 (VI ¥ -UVY] =~ In (TVT).

Here V = (9,1, -+ ,0;n) is the gradient operator. Thus

F= " (Tve)
m

which is called the probability current. For any fixed region V C R"™, we have

& axotn = [ axop == [ axvj=- [ a5
dt Jy % % oV

Here do is the vector surface element on OV. This says that the probability of finding the
particle inside V' changes by the flow of the probability current out of the boundary dV'.

27



1.5.5 Stationary States

We consider the quantum particle moving in a potential V' that only depends on the
position x € R™ but not on the time: V = V/(x). In this case, the Hamiltonian operator H is

time-independent

~ K2
H= _TV2 +V(x).

m

We look for special solutions of the Schrédinger equation of the form

U(x,t) = e “hp(x).

Inserting this expression into the Schrédinger equation, we find

Hip(x) = B (x) ()

where £ = hw. In other words, 1(x) is an eigenstate of the Hamiltonian H. Based on our
discussion on measurement, the eigenvalue E is naturally understood as the energy of the state
1. Equation (*) is called the time-independent Schrédinger equation. Since H is self-adjoint,
must be real.

Solutions of the form
U(x,t) =e Pyp(x)  with  Heyp = Eyp
are also called stationary states. The probability density

| (x, 6)]* = [p()

does not depend on time t. These states are eigenstates of the Hamiltonian H at any time

~

HU(x,t) = E¥Y(x,t).
In particular, the expectation of H in the state U is
(H) -F
v
and the uncertainty of H in the state ¥ vanishes
Ay H=0.

Once we have found all the stationary states 1, with energy FE,, then a general solution

of the Schrodinger equation can be constructed as a superposition
Z CaeiiE&t/hwa (x).
[e%

Thus it is fundamental to understand stationary states first, i.e., to study the time-independent
Schrodinger equation. In general, H could have discrete spectrum and continuous spectrum.
For the continuous spectrum, the above sum ) has to be replaced by an appropriate integral.

Both the discrete spectrum and the continuous spectrum have specific physical meanings.

We will illustrate by a few examples of different spectrum types in subsequence sections.
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1.6 Free Particle: Example of Continuous Spectrum

1.6.1 Wave Packet

Let us consider a free quantum particle where the potential V = 0. The Hamiltonian is

A K2
H=-—V?
2m
The free Schrodinger equation
o) h?
h—1(x,t) = ——V2(x, t
ih s (%, 1) = =2 Vh(x, 1)

admits plane wave solutions by
1/1k(X7t) _ ei(k-xfw(k)t)'

Here the wave vector k and the angular frequency w are determined by the momentum p and
the energy F by
p = Rk, E = hw.

These are called the de Broglie relations, which work for general matter waves.
Using H= —%VQ, we find F = %, or
hk?
k)= —.
w(k) 2m
This gives the dispersion relation in this case.

However, the plane wave solution Wy is non-normalizable
|0 ? =1 at any x and t.

The integral of |\Ifk]2 over space will be infinity. So Wy does not give a physical state.
Nevertheless, a general solution can be obtained as a wave packet in terms of superposition

of plane waves

1 R .
- - n i(px—E(p)t)/h
‘lJ(Xa t) — (2ﬂh)n/2 /d pr(p)e .

Clearly, let 1p(x) denote the wave function at ¢t = 0

Yo(x) = ¥(x,0).

Then ﬁo(p) is the Fourier transform of 9y(x) to the momentum space. This gives the explicit

solution of the wave function from specified initial condition at ¢ = 0.

Example 1.6.1 (Gaussian Packet). Consider the one-dimensional case n = 1. Let us give the
initial wave function att =0 by
poz/h e—z>/46°h
Yo(z) = PO ———— 5> 0.
(2m62h) 1/

The coefficient is chosen such that the normalization condition holds

1 2 /652
d o /d TR <,
/R o i) = <= [ due

e—z2/26%R

The magnitude of [vo(z)|* = “Torms 8 Gaussian.
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5vh

The parameter § is related to the uncertainty of &

1/2
Ay = </Rdx:v2|¢o(1:)|2> _ 5V,

The Fourier transform of 1o(x) is

—z2/452R
—i(p—po)z/h € /

R (2rho2) /4

((2n)~1(28)-2)"

The uncertainty of the momentum operator p can be computed via 7,50

~ Vh
Awop— %

In this case, we find the Heisenberg uncertainty
)\ . h
Aol - Ayop = 9

The wave function at any time t is therefore solved by

1 it /2m
W, t) = g | dpdo()e e

(o 262 h
_ 1 / dp e (p Do) / ei(pa:—pzt/Qm)/h
2rh Jr ((2W5)71(25)72)1/4

2

1 i (5ot ( (= — 2 )

= e h 2m exp _—’Lt .
( 2wh(5+2;;5))1/2 402+ 55) R

1.6.2 Group Velocity

We would like to understand how a localized wave packet moves in the space. Let us start

with a general one-dimensional wave packet of the form

1 ~ i(kr—w
Vat) = <= / dk G ()eika—w(®)D).

Here we have used the wave vector k instead of the momentum p = hk for the Fourier transform.
w(k) is a function of k, describing the dispersion relation.

Assume @g(k) is concentrated near k = kg, so only when k ~ kg is important.
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We ask for which value of z and ¢ such that the magnitude of the wave packet V(z,t) takes

the largest value. For k ~ kg, we can approximate
w(k) =~ w(ko) + ' (ko)(k — ko).
Substituting this into the wave packet, we have

/ dk ¢O(k)ei(kx—w(k:)t)

1
U(,t) = ——
(z,t) oo
Lo (ko) ttikow (o)t / dk G )z (o))

~ ——e¢
V2T

_ e—iw(ko)t—i—ikow'(lﬂo)t\y(x . wl(k‘o)t, 0)

Assume the peak of the magnitude of the initial wave function ¥(x,0) is at * = x.
The above calculation shows that the peak of the magnitude of W(x,t) at time ¢ appears
approximately at

x = W' (ko)t + wo.

In other words, the peak of the wave packet moves at the velocity w’(kg). This is called the

group velocity
dw

group velocity = T

k=ko
It describes the approximate speed at which the wave packet propagates.
In contrast, there is another notion called the phase velocity defined by
w
phase velocity = —‘ .
k k=kg

'(kol'fw(ko)t)

It describes the speed at which the pure plane wave e* propagates.

For linear dispersion relation
w(k) = ak where a = const,

the group velocity and the phase velocity coincide, both equal to . Electromagnetic waves in
the vacuum are such examples.
In general, group velocity is different from the phase velocity. Let us consider the example

of one-dimensional free quantum particles. The de Brogile relations

and E = p?/2m lead to the dispersion relation

ik

_%.

w(k)
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For a wave packet whose momentum is concentrated at pg = hkg, the group velocity is

dw

do) Tk _ po
dk

k=ko m m

This is the expected velocity for a free particle with momentum pg and mass m. As a comparison,

the phase velocity is
w’ B hk‘o __ Do
klk=k, 2m  2m’

In the Gaussian packet example 1.6.1,

; , _ poty?
U(z,t) = 1 1/26%(%2%) exp (‘ (332 n;bt) )
(Varh (5+ 5%) ) 4 (52 + 35) B

The momentum mode 1[10 (p) is concentrated around pg for small h. We see clearly that the peak

of U(x,t) travels at the group velocity pg/m.

1.7 Harmonic Oscillator: Example of Discrete Spectrum

In this section we study the exactly solvable example of harmonic oscillator, which is one
of the most important model in quantum physics.
For simplicity, we focus on the one-dimensional case. The classical Hamiltonian is
2

D 1 2
=Y %
om T 2%

where m is the particle’s mass, k£ > 0 is a constant. The potential V = %ka is quadratic in x
and time-independent.

Classically, the particle’s motion obeys the Hamilton’s equations

s oKX _p
9 m
oA
b or o
The equation of motion in x is
ma = —kx.

The force that is applied to the particle is governed by Hooke’s law F = —kzx.

<— F=—-kzx
|

1107

—
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The equation of motion is solved by

x(t) = Acoswt + Bsinwt,

[k
w=1/—
m

Quantum mechanically, the Hamiltonian operator is

where A, B are constants, and

is the angular frequency of oscillation.

B2 d2 1
+ — k2.

="
2mdx? 2

It suffices to solve the time-independent Schrodinger equation for a stationary v (z)

H(x) = By ().

The corresponding wave function will then be given by 9 (x,t) = ¥ (z)e *F/",

1.7.1 Ladder Operators

Remarkably, the time-independent Schrédinger equation for harmonic oscillator can be

exactly solved by a simple algebraic method. Let us write

2 A2 2
oq_ P ko P UL
H=—4-2"=—+ —2°,
2m = 2 2m * 2
where % is the position operator, and p = —ih% is the momentum operator. & and p satisfy

the canonical commutation relation

We can rewrite the Hamiltonian operator as

~ 1
H = 72m (ﬁ2 —+ m2w2i"2)
1
=5 [(mw — ip) (mwi + ip) — imw (TP — pi)]
m
1 1
_ W s 51 i) 4 Ln
. (mw — ip) (mwi + ip) + 5w
o [ (s — i) (mwi + i9) + &
= hw | 57— (mw —ip) (mwi +1p) + 5
1
— B T -
w (a a+ 2)
where we have introduced two operators
1 1
f= (mwz —ip) , a = ——— (mwi +ip) .

B vV 2mhw 2mhw

They are called ladder operators. The reason for the names will be clear soon. As the symbol

suggests, the two operators al and a are adjoint of each other.
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Firstly we observe that the ladder operators satisfy the commutation relation
{a, aq = 1.
This leads to the following commutation relations
[H,al] = hwal, [H,a] = —hwa.
The key is the following statement.

Proposition 1.7.1. If ¢ solves the time-independent Schrodinger equation with energy E, then
at1p (or avp) solves the time-independent Schridinger equation with energy E + hw (or E — hw).

Proof: Assume 1) satisfies Iflw = Ev. Then
H (aTw> = [ﬁ, a'lyp +al Hy
= hwa'y + Ealy
= (E + hw) a'y.

The calculation for aw is similar. O

For this reason, the ladder operators af,a allow us to climb up and down in energy. We

also call af the raising operator and a the lowering operator.

1.7.2 Ground State

The second crucial statement is the following.
Proposition 1.7.2. The energy E of a stationary state is nonnegative.

Proof: For the normalized stationary state ¢ with energy F,

~ — R? d2 1
B =l = [ b (5 0+ gkt ) vl
R? | d S|
_ /Rd:gm )|+ Sk a) > 0.

Here we have cheated a bit by assuming without proof that ) is differentiable with appropriate

decay condition at space infinity. We leave it to more careful readers. O

Now given a stationary state i with energy E, we can use the lowering operator a to lower
the energy. Since the energy of a nonzero state is nonnegative, a”v¢ = 0 for m sufficiently large.
Let Ey > 0 be the smallest possible energy. States with the lowest energy are called ground
states. Let 1)y be one ground state with energy Ey. We will soon see that ground state is unique

(up to a normalization) in this case. For 1 being a ground state, we must have

ao =0
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which is the same as the differential equation

d
(hdac + mw:c) Yo(z) = 0.

Up to a normalization, there is a unique solution given by

Yo(w) = (mw) s

—_— 2h
7h
The coeflicient is chosen such that

/ dz lo(2)[? = 1.
R

The corresponding energy is
~ i 1 1
Hyg = hw aa—l—i ¢o:§hwwo

1

Note that classical mechanically, the smallest possible energy for harmonic oscillator is
zero (for example, the energy for a static particle sitting at z = 0). Quantum mechanically, the

smallest energy is Fy = %hw! This lift of ground state energy is purely a quantum effect.

1.7.3 Excited States

Starting from the ground state, we obtain higher energy states simply by applying the

raising operator
1
¢n($) = An(aT)”¢0(x) with E, = <’I’L + 2) hw,

where A, is the normalization constant. To calculate A,,, we use the fact that a' and a are

adjoint of each other. Therefore
(Waltén) = |4 ( (ah)"o| (') 400 ) = |40 (Wola™ (@) 1k0)-

Using atg = 0 and [a, aT] =1, we find

a"(a)"[tho) = na" "} (a")""Hgho) = - = nlluy).
Thus
(nln) = | An|*nl{to|400).
The normalization condition (¢p|1,) = 1 gives A, = ﬁ So
1
n = —=(a) "¢y

Vn!

Finally we show that 1,,’s are all the stationary states.
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Proposition 1.7.3. Let ¢ be a stationary state with energy E. Then ¢ must be of the form

Un (up to a normalization) for some n and E = (n + %) hw.

Proof: Since the energies are bounded from below, there exists n > 0 such that
a™p #0, a" iy = 0.
Then a(a™)) = 0. By the uniqueness of the ground state, we must have
a™p = aly for some o # 0.
Comparing both sides, this readily shows
1
E —nhw = Ey = E:En:<n+2>ﬁw.

Assume v and 1, are linearly independent. Applying the Gram-Schmidt orthogonalization,

we can assume that

<¢n|¢> = 0.

On the other hand, using the fact that a,a’ are adjoint of each other,

(altt) o< {(a)" o[ ) = (wola") = a(wioli) = a #0.
This is a contradiction. So up to a normalization, 1 is the same as . O

Thus we have found all stationary states. The states v, for n > 0 are called excited states,
which are created from the ground states 1)y by applying a'. Note that unlike the classical
picture, the energies in the quantum case are discrete. They are quantized! Moreover, these
states {t, }n>0 form an orthonormal basis of the Hilbert space L*(R).

The ground state is explicitly given by the Gaussian function

mw _mw .2

olo) = ()1

The excited states ), can be explicitly expressed in terms of Hermite polynomials.

For convenience, let us redefine the variable by

Then the ground state is



We can rewrite the raising operator as the composition of three operators

1 d 2
PN Ty O (SRt B ()
RV ( dy) ‘

where e?°/2 means the operator by multiplying the function e¥’/2, Then

_ 1 T\n
o CO 1 A2/2' _d ’I’L. _A2/2 _2/2
EOIOo <dy> e v

- Co —y2/2 | 42 d\" —y?
= — ¢ e —_ e
Vnl2n/2 [ ( dy

_(mw 1 —y2/2

= (7rh>1/4 \/ﬁHn(y)e

Here

H,(y) = (-1)er 20 ()

are the Hermite polynomials. The first a few look like

Ho(y) =1

Hi(y) =2y

Hy(y) = 4y° — 2

Hj(y) = 8y° — 12y
(y)

1.8 Square Well: Example of Mixed Spectrum

We have seen an example where the Schrédinger operator Hhas a pure continuous spectrum
(free particle) and an example where H has a pure discrete spectrum (harmonic oscillator). We
now discuss an example where both the continuous and the discrete spectrum are present. It is

about the finite square well potential of depth V4 > 0 and width 2« in dimension one

-V —a<zr<a
V(z) =
0 |z| > a
—a a
x
V(z)
)
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1.8.1 Matching Condition

We consider the time-independent Schrodinger equation

( Ll V) vlo) = Bvla).

 2m da?
D In the region |z| > a, the equation becomes

h? 2
—%@W@ = B,

which has two linearly independent solutions given by

ei\/72mE:r/h

The solution 1 can be rewritten as a linear combination
Y= Cle\/—ZmE’r/FL + 626—\/—2mEx/h‘

The coefficients ¢y, ca are to be determined. The solution v is smooth in the region |z| > a.

@ In the region |z| < a, the equation becomes

R? d?
—%@w = (E+ W).

Again, 1 can be expressed as a linear combination of the two independent solutions

ei —2m(E+Vo)z/h

1 is also smooth in the region |z| < a.
By D@, we see that the only possible place where the smoothness of v fails is when

x = +a. The natural boundary condition to be imposed at x = +a is
1 and ¢’ are continuous at = = +a. (*)

Otherwise, 1" will have a d-function contribution at z = +a, breaking the Schrodinger equation.

We will call this boundary condition (*) the “matching condition”.

1.8.2 Bound States

We first consider the case when the solution v is normalizable. Such energy eigenstate is
called a bound state.

In the region |z| > a, ¥(z) is a linear combination of

e:l:\/—ZmEa:/h

For such ¢ to be normalizable, it is necessary to have ' < 0 and such that

aeV—2mEz/h T < —a
Y(z) =
Be*\/meEz/h z>a
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for some constants a, 5.

On the other hand, the equation

( h2d2+V(x)>¢:E¢

" 2mda?
implies
h? d2
<w‘_2mdx2w> = (Y[(E = V(2))¥),
i.e.,
2 hQ / 2
de (B = V@)@ = 5 [ do|¢'@)].
m
To obtain a nontrivial solution 1, it is necessary to have E > inf, V(z) = —Vj. So the

bound state appears only for energy satisfying

Vo < E <.

Vi(x) E
)

Assume this holds. Then for |z| < a inside the well, ¢ is a linear combination of

cos ( /2m(E + VO)x) and sin ( /2m(E + VO)x) .

h h

To simplify notations, let

V—2mE V2m(E + Vp)
AT RE T

A further simplification comes from the observation that the potential is an even function

If ¢(z) is a solution, then 1 (—x) is also a solution. Therefore any solution can be written

as a sum of an even solution and an odd solution

1 1

U(@) =5 (W) +d(=2)) + 5 (¥(z) —d(-2)).

Without loss of generality, we can assume @ is either even or odd.

Let us first consider ¥ being an even function. Then

ae M T>a
Y(x) = { B cos px lz| < a «, B are constants.
e r<—a
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Now we apply the matching condition. We only need to consider z = a since ¥ (x) is even.

lim ¢(z) = lim+1/1(w)

T—a~ T—a
lim ¢/(x) = lim ¢'(z)
T—a~ z—a™t

leads to

3 cos pia = ce™

a

—Bpsin pa = —are

Dividing these two equations, we get
A = ptan pa (*%)

Recall A = /—2mE/h, p = \/m /h. The above relation gives the allowed ener-
gies. Given F satisfying relation (**), we can solve for ¢ (z) which is unique up to a normaliza-
tion. Thus it gives a unique physical state with the corresponding energy FE.

To understand solutions to (**), let us redefine

V2m(E 4+ Vp)a

h

U= pa =

V2mVoa
h

uy =

We can express A, p in terms of wu, ug

u
a

Then equation (**) becomes

2
(ﬁ) — 1 =tanuwu.
U

Solutions are given by the intersections of the curve y = 1/(up/u)* — 1 with the curve

y =tanu for 0 < u < ug.
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y = tanu

(up/u)? — 1

In particular, the figure shows that there are a finite number of intersections, i.e., a finite
number of allowed energies. The number depends on the value of wg. For larger ug, which
means wider and deeper well, we have more bound states. Nevertheless, it is clear that we have

at least one solution, no matter how small ug is.

We next briefly discuss the case for ¢ being an odd function. Then

ae T>a
Y(z) = § Bsin ux |z| < a
—er T < —a

The matching condition at z = a gives

Bsin pa = e

B cos pa = —ae N
from which we find required relation for £

peot pa = —A.

Using the same variables v and ug as above, this is

2
(@> — 1= —cotu.
U

We plot the corresponding curves for 0 < u < ug
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Yy = —cotu

—7/2 0

Again, we find only a finite number of intersections. The number of odd bound state is
bigger for larger ug, i.e., for wider and deeper well. However, for ugy sufficiently small, say
uo < /2, there will be no odd bound state.

In summary, we have found a finite number of energies —Vy < Ey < E1 < --- < Exy <0
where each E; has exactly one bound state 1;(z). The wave function ;(z) is even/odd if 7 is

even/odd. The ground state v is even, and it always exists.

—a a
ve | "
R e --- B
S T e - -~ Ey
Vo
—:CL a
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Y1()

y = tanu

even case odd case

In this deep well limit, the intersections approximately happen when w is an integer multiple

of /2. It follows that
1
V2m(E, + Vo)% ~ (n—i—2)7r

(n + 1)%72h?
2m(2a)? '

Surprisingly, we will find this formula reappearing for the resonant transmission in the scattering

== E,+ V)~ n=0,1,2,--

problem as we discuss next.

1.8.3 Scattering States

We have seen that the square well admits a finite number of bound states. The bound
state energies correspond to the discrete spectrum of the Hamiltonian H. Unlike the harmonic
oscillator where the bound states form a basis of the Hilbert space, the space of bound states

of square well is finite dimensional and so can not span the whole Hilbert space. There will
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also exist the continuous spectrum of H like in the free particle case. In fact, when x is far
away, the potential is zero and the particle behaves like a free particle there. This suggests non-
normalizable solutions of the time-independent Schrédinger equation which behave like plane
waves of free particle in the far away region. As we will see shortly, this is indeed the case. These
solutions are called scattering states. The reason for the name will be explained in Section 1.9.

The scattering states appear for £ > 0.
E>0

-V

The time-independent Schréodinger equation

can be solved in each region in the same way as we did for bound state.

Aeikz 4 Be~ike < —a
Y(x) = < C'sinpx + D cos ux —a<z<a
Fetke 4 Ge ke T>a

Here A, B,C, D, F,G are constants, and

2mE 2m(E + V;
k:iv%nm M:m<h+o>>o_

At x = £a, we again impose the matching condition.
Since E > 0, the wave function ¢ (z) is oscillating instead of decaying when x — oo, hence
is non-normalizable. However, such solutions will be the building blocks for scattering process

as we will discuss in Section 1.9. Let us first illustrate the basic idea. Let
U(z,t) = Y(x)e FN

be the corresponding solution of the time-dependent Schrodinger equation. Let us consider the
region x < —a where

bl t) = Ac'(br=Bet) | gk i)

i (fow— 12
The first term Aez<kx 2m t) is a plane wave moving to the right at phase velocity % The

i(kz+£t> . . .
2m ") is a plane wave moving to the left at the same phase velocity.

A
ANANAANANANAA S

<A
B

second term Be
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With the above interpretation, let us consider the stationary solution v (z) of the form

Aeke 4 Be~ike r < —a
Y(x) = { C'sin pz + D cos px —a<z<a
Fetke T >a

This wave function represents the following process: A wave of amplitude A is incident from
the left at x = —o0, and meets the square well; then a wave of amplitude B is reflected back to
the left, while a wave of amplitude F' is transmitted through the square well and moves to the

right at * = +o0.

A
F
ANnAANAANANAAN TS
é\/\/\é\/\/\/\f ANANAANAANANAA S

A: incident wave amplitude
B: reflected wave amplitude

F': transmitted wave amplitude

We define
; : |1B|*
reflection coefficient: R = W
. . 2k
transmission coefficient: 71 = W

R represents the probability of reflection, and T represents the probability of transmission.

From this physical interpretation, we should expect
T+R=1.

One way to see this is to use the local form of probability conservation. Recall the proba-
bility current in Section 1.5.4
h —d
j(x) = —1 — .
i) = (V0
Substituting into the above ¢, we find

% (|Ay2 - \B|2> T < —a
j@y=4m

—|F? T >a
m

For stationary solutions, the probability density p is time-independent. The conservation

equation

op 0 ., .
a‘i‘%ﬂ(w)—o
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implies that j(z) must be z-independent: accumulation of probability can not happen at any

region of space. It follows that
|A]? = |B)? + |F|? — T+R=1
Now we move on to solve ¢(x) via the matching condition

Ae~e 4 Betke — _(C'sin pa + D cos pa
ik (Ae~*e — Be™*®) = 11 (C cos pa + D sin pa)
C'sin pa + D cos pa = Fetke
p (C cos pa — Dsin pa) = ikFeik®
These four equations uniquely determine the five constants A, B,C, D, F up to a total
normalization. After a laborious calculation, we find

F efQika

A cosZ,ua—i% (k2 + p?)
B sin2ua ( 9 —14:2)

F 2kp
We can compute the reflection coefficient R, the transmission coefficient T" and check T+
R =1 as promised. Explicitly, the transmission probability is
P !

T = = .
D) 2
Al 1+ % sin? (2—;\/2171(]5 + Vo))

The plot of T" as a function of E looks like

T

E

Note that there are certain values of F making T" = 1. In this case we have the full

transmission as no waves are reflected: the well becomes transparent! From the above formula
of T', the full transmission happens when

(n + 1)2w%n?

2m (2 )2 , n € Z such that FE, > 0.
m(2a

En“‘vbz

Surprisingly, E,, corresponds to the bound state energies of the infinite square well that we
find previously. For the energy E,, the wavelength of v inside the well is
27 2mh 4a

b \2m(By+ Vo) n+l
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So the well width 2a fits an integer number of half wavelength. This phenomenon is called
resonant transmission.

We can also consider wave incidents from the right, and look for solutions of the form

Be~tkz T < —a
Y(x) = { Csin pz + D cos px —a<zr<a
Fetkr 1 Qe—ike T >a
B F
AmANANANANATS
<~ A~ AN
<~ A~
G

The interpretation is similar. The reflection and transmission coefficients are

F? BJ?
_ !27 T:! |2_
|G| |G|

In general, we could have waves incident from both sides

Aeikz 4 Be~ike T < —a
Y(x) = { Csin pz + D cos px —a<z<a
Feikaﬂ + Ge—ikcc r>a
A F
ANANAANANANAA S AmANAANANAANAS
é\/\/\é\/\/\/\' <'\/\A/GVVW

Then A, G represent incoming waves and B, F' represent outgoing waves.

1.9 Scattering

In this section we discuss the basic idea of scattering process in the case of one-dimensional

particles. We explain how this is related to the continuous spectrum of the Schrodinger operator.

1.9.1 Wave Packet Scattering

In the study of scattering problem, we consider particles that come from far away and

scatter against some potential produced by localized interaction.
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incoming _— outgoing

We consider one-dimensional particles scattering in a compactly supported potential V()

V(z)=0 for |z| > R.

V(z)
\/ \/ v
Assume a particle comes from x = —oo. Quantum mechanically, such a particle is repre-

sented by a wave packet

incoming
——> ko

before the interaction

When the particle enters the region of V, it interacts with the potential. Afterwards, it will
be transmitted through the potential toward x = 400, or be reflected back toward z = —o0,

with certain probability.

reflected transmitted
- —

after the interaction

Explicitly, let us represent an incoming free particle by a localized wave packet

Yin(z,t) = \/12? /R dk a(k)e!Fe=w®D (k) = hE? /2m.
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Here «(k) is nonzero only in a small neighborhood of ky > 0, so the wave packet will travel

forward with group velocity hkg/m. We assume

/ dk (k) = 1,
R

so that the wave function is normalized

[ de o =1
R
To describe the scattering process, we observe that the Schrodinger equation
o) h? d?

h—p=(———-—7+V

! 8t¢ < omd? (x)>w
is linear in 4. This linearity leads to the following strategy. We first look for solutions which are
plane waves far away. Then we take the superposition of these asymptotic plane wave solutions
with respect to the coefficient (k) to obtain the physical solution for the scattering.

Precisely, let us consider the time-independent Schréodinger equation

h? d? (hk)?
<_2mda:2 + V(m)) W = E, where F = o > 0.

In the region |z| >> 0, the potential V(z) = 0 and so the wave function is given by linear

combinations of e**?. We look for the solution v, of the form

e** + B(k)e k= T — —00
Yi(z) = ,
C(k)ek= x — +00

AN
<~~~
Be—ik‘x //

Here B(k),C(k) are constants that depend on k, which are determined by solving the time-

independent Schrédinger equation. Such a solution ) is non-normalizable, but lies in the
(hk)?

continuous spectrum with energy Fy = 5 -.

Assume we have found ;’s. Then we obtain a solution of the Schrédinger equation by
1 k2
z,t) = — [ dka(k x)e amt,
viet) = o= [ dra ()
In the region z — —oo, we have
w(x7t) - win(xv t) + wR(xv t)?
where ¥, (z,t) is our prepared incoming wave packet above, and

Vr(z,t) = V%/dka(k)B(k)ei@”git)
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represents the reflected wave packet.

In the region x — +o00, we have

kx— k2 t)

Y(a,t) = V%/dka(k)c(k)ei( B

which represents the transmitted wave packet. Thus this wave function t(z,t) contains the

quantum information about the scattering of incoming particle ;, with the potential V' (z).

1.9.2 S-matrix

The S-matrix, or the scattering matrix, is about the relation for particle states before and
after a scattering process. We illustrate the S-matrix in the one-dimensional scattering process.
We consider a localized one-dimensional potential V' (x) which is compactly supported. As
we have discussed above, the scattering process is completely determined by solutions of the
Schrodinger equation which are plane waves at |z| — +oo outside the potential barrier. We

look for solutions of the time-independent Schrédinger equation

h? d? (hk)?
(- g oz + V) 00) = o) o
which have the asymptotic plane wave behaviors by
Aetkz 4 Beike T — —00
P(x) = . .
Ce'k® 4 De~ike T — 400
A C

== )] ==

e The case D = 0 represents a scattering process for an incident wave of amplitude A coming

from the left. Then C is the amplitude for the transmitted wave and B is the amplitude

for the reflected wave.

e The case A = 0 represents a scattering process for an incident wave of amplitude D coming
from the right. Then B is the amplitude for the transmitted wave and C' is the amplitude

for the reflected wave.

In general, we could have both left and right incident waves. Let us represent the amplitudes

of the incoming waves by a column vector
A
Ui, =
D
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and represent the amplitudes of the outgoing waves by a column vector

B
qjout = .

Since the Schrodinger equation is linear, Wy is related to Wi, by a linear relation

‘I’out - S\Pin

B S S\ (A
(@)- (2 6)
The matrix for the transition
g (511 512)
So1 Sao

is called the S-matriz. The matrix entries S;; are functions of the wave vector k, and these

or explicitly

functions are completely determined by the localized potential V' (x).

To see the meaning of the entries of S, consider setting D = 0 and we have

(o) (o)

This says that Si; is the reflection amplitude and So; is the transmission amplitude for incident

wave from the left. Similarly, setting A =0

(o)~ (o)

This says that Si is the transmission amplitude and Sos is the reflection amplitude for incident
wave from the right.
If we take the absolute value square of the transmission and reflection amplitudes, we find

the corresponding transmission and reflection coefficients.

1.9.3 Unitarity

The S-matrix is in fact unitary. To see this, consider the probability current of 1
h —d
j(z)=—1 — .
j(z) = —Im <wdx¢>

For the stationary state, the probability density p = |1j}|2 is time-independent. Then the local

conservation of probability (which follows from Schrédinger equation for 1))

op 0 .
o "o =0

implies %j(z) = 0. So j(z) must be constant.
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From the asymptotic behavior of ¥ (z), we have

hk
= (1P - |BP) T — —00
i@ =97
hk
— (\C!Q—\DF) x — 400
m
Thus
AP =B =[C = |D]? = A +|D* = |B* + |CI.

In other words,
=t =t
\Ilout\I’OUt = \Ijin\IjiH‘

So the linear transformation .S preserves the Hermitian inner product, i.e., .S is unitary
S*S =1

Here S* .= gt.

1.9.4 Time Reversal Symmetry
Assume the potential V' = V(z) is time-independent. Then the Schrodinger equation
) A
h—¢ =H
ihaetb (4

has a time reversal symmetry: if ¢)(z,t) is a solution, then 1 (z, —t) is also a solution with the

time direction reversed. For time-independent Schrodinger equation, if ¢ (z) solves

" 2mda?

(o + V@) 910) = B,

then 1 (z) also gives a solution.

Now given 1 (z) with

Aethr 4 Be~ike T — —00
bx) =9 ,
Ce't* 4 Dethe xr — 400
the time-reversed solution () satisfies

_ Betkr 4 Ae~tke T — —00
Y(z) =

Detkz 4 Ce~ike T — 400
. P B A
In this presentation, ¥y, = &) Wout = =) Therefore

(-6 = B0

= unitarity of S
_

S=5"1

It follows that
S = St

So time reversal symmetry implies the S-matrix is symmetric.
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1.10 WKB Approximation

The WKB method, named after Gregor Wentzel, Hendrik Kramers, and Léon Brillouin,
provides approximate solutions for linear differential equations with spatially slow-varying coef-

ficients. In applications to quantum mechanics, this is also called semi-classical approrimation.

1.10.1 Approximation Scheme

Consider the one-dimensional time-independent Schrédinger equation

h? d2

We will analyze the solution v in three different regions.

(D Classically allowed region. This corresponds to positions where V(z) < E. Classically, the

energy of motion is
2

_r
E = S + V(x).

So the classical particle can only move in this region.

@ Classically forbidden region. This corresponds to positions where V(z) > E. Classical
particles can not enter this region. However, as we have seen in previous examples of harmonic
oscillator and square well bound states, quantum particles can penetrate into this region with
certain probability.

@ Turning points. This corresponds to positions where V (z

| |
classically forbidden : classically allowed : classically forbidden
| |

The WKB approximation scheme looks for solutions of the stationary wave function of the

exponential form (notation clarification: S(x) here is not the S-matrix)
P(x) = ehs(””) S(x) e C.

Plugging into the Schrédinger equation,
h? d? i
(=g gz — (B = Vi) ) b5 =0

2m dz?
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—  (9(2)) = ihS"(x) = 2m(E — V(x)).

Treating h as very small, this non-linear equation can be solved in order of i by setting
S(x) =) H'Sp(x).
n=0
Equating two sides of
o 2 o0
(Z hns,g(a:)) —ih Y h"S)(x) = 2m(E — V(x)),
n=0 n=0

we find
Sp(2)* = 2m(E — V(x))

255 (x) Sy (x) = iy (x)

n—1
25y (2) Sy (x) = iS;_1(x) = Y Si(x)S),_i(@)
i=1

The semi-classical approximation looks for the solution up to order A! and neglects terms

of order A% or higher. Thus we look for
S(z) = So(x) + hSi(z) + O(R?).
This can be solved by the above recursive relation

So(x) = :i:/gC V2m(E -V (y))dy
() = %ln V2Im(E = V(@) + Ci

where (1 is some constant. Therefore

7

Y(x) = exp (h (So(a:) + hS1(x) + 0(712))>

~ o7 50(2) 4iS1(x)

A . o7 [TV 2m(E=V (y)) dy
2m(E = V(z)))*

where A is some constant. The two expressions

by = A mEVE)
2m(E - V(x)))7

are the basic forms of the WKB approximation.
Note that this WKB form will blow up at the turning points where E = V(x). This
suggests that the WKB approximation is not good near turning points. There need some

special treatments there and we will come back to this shortly.
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N\ 7 E

\\ //

N~ _—

WKB approximated solution. Amplitude blows up near the turning points.

In the classically allowed region E > V(x), let us write

2 2
E—-V(z)= h ;(:f) with  k(z) > 0.

Then the WKB approximated solution takes the form (A, B are some constants)

() ~ A ¢t/ k)dy | Le—i I k(y)dy
k(z) k(z)

The first term with coefficient A represents a wave moving to the right, and the second term
represents a wave moving to the left. This function is oscillating in this region.
In the classically forbidden region F < V (z), let us write
_RPA(2)?
2m

E—-V(z)= with  A(z) > 0.

Then the WKB approximated solution takes the form

~ 2 MYy 2 [T M)y
v = TR A

This function is essentially exponential growing or decaying in this region.

1.10.2 Turning Points and Airy Functions

Now we consider the region near a turning point x = a. We look for a suitable approxima-
tion near this turning point that connects the oscillating WKB approximation on one side and

the exponential WKB approximation on the other side

V(x)
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We can approximate V (z) locally around x = a by a linear function
V(z) ~ E+ (x —a)V'(a).

This leads to the approximate equation

2 g2
- dd21[)+(:v—a)V'( Jib = 0.

If we make a change of variable
2mV’(a) 1/3
z = <52 (x —a),
then the above approximate equation becomes

d*y

@—szo

This is the Airy equation.
The Airy equation has two linearly independent solutions, denoted by Ai(z) and Bi(z).

They are called Airy functions and are given by

, 1 [ ¢
Al(z):; ; cos g—i-zt dt

Bi(z) = 7T/0 [exp (—3 + zt> + sin <3 + ztﬂ dt.

The Airy functions Ai(z),Bi(z) have the approximate asymptotic behaviors

11 41 2‘ |% ot
——|z xp | —=|z z 00
_ 2T P73

Ai(z) ~
= ]z\ficos 2|z]%—E zZ — —00
NZ3 3 4
et e (G121 +
—|z| Texp | =|2 z — 400

3
Bi(z) ~ f

2l Hsin (2124 - 2 -

z|Tasin [ <|z]2 — — z = —00

f 3 4

The key observation is that these approximate behaviors connect precisely the WKB solu-

tions on two sides of the turning point.

1.10.3 Connection Formula

Let us use the Airy functions to derive the connection condition for WKB solutions near

the turning point = = a.

D Let us first consider the case V'(a) > 0.
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The linear approximation of V near x = a is
V(z) ~ E+V'(a)(z —a).

In the classically allowed region « < a near the turning point, we have approximately

m(E -V (x mV'(a)\ />
k(z) = 2m(E — V( ))N(Q }‘;( )) —

= ~
and

x 2mV’(a)\ /% [® 2
[k an= ()T [y =3
a a

In the classically forbidden region x > a near the turning point, we have approximately

2m(V(z) - E) _ <2mV’(a)
h

1/2
AMz) = ~ 2 > VI —a

and 12
r 2mV'(a & 2
[ man= (2 [ viady = S

Assume the wave function has the leading behavior by a decaying exponential in the clas-
sically forbidden region, then the WKB solution must be the form

b(z) = f(x) exp ( /:A(y) dy> . z>a

. . 1 T
In other words, the growing exponential term e exp ( [ Ay) dy) can not appear.

Remark 1.10.1. Note that if ¢)(x) has a leading behavior by a growing exponential, we can not
exclude the possible appearance of the decaying exponential term since this is dominated by

the growing exponential term and hence invisible in the leading behavior.

Comparing with the leading behavior of the Airy functions, we find that it can only be
connected by Ai(z) and

™

w(m):\/%cos</;k(y)dy—4>, x < a.

Similarly, if we find the approximate wave function

V() ~ \/%smU:k(y)dy—D, r<a
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to the left of the turning point, then the leading behavior of Bi(z) implies

Y(x) ~ — ix) exp (/: A(y) dy> :

In summary, we have found the following connection condition for WKB solutions near the

turning point x = a with V'(a) > 0.

V(x)

)

21;?@ cos (/: k(y) dy — D = ;4(33) exp (— /j Ay) dy)

f(x)sin(/;k(y)dy—z> — —\/%em</:k(y)dy>

The arrow is the implication direction.

@ Let us then consider the case V’(a) < 0. The discussion is similar. We find the connection

condition for WKB solutions near the turning point.

\/% exp <— /: Ay) dy) — kf(lx) cos (/j k(y) dy — D
. \/% o </xa M) dy) = \/% sin (/j k(y) dy — Z)

1.10.4 Semi-classical Quantization Rule

Let us consider a potential V(z) such that

V(z) = o0 as r — +00.
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We look for a bound state with energy E. By our experience with the harmonic oscillator, we
expect that the allowed energies should be discrete.

Assume also that there exist exactly two turning points £ = a and x = b with a < b.

V(x)

N
o NS NS

For a bound state v (x) which is normalizable, 1(z) should decay as  — 400 in the

> F-=-=-===

forbidden region. The WKB approximation thus takes the form

e (- [wa)  e<a

im) ext] <—/bx)\(y)dy> 2> b

By the connection formula, both these two behaviors will determine the behavior in the

P(z) =

classically allowed region in between. Then the consistency condition gives

er(y)dy—z=—</tbk(y)dy—1) +nm

b 1
== /k(y)dyzﬁ<n+2> for neZ.

This is known as the Finstein-Brillouin-Keller (EBK) semi-classical quantization condition
(or Keller-Maslov quantization condition), which improves the Bohr-Sommerfeld quantization

condition via the Maslov index correction (3 here).

Example 1.10.2. As an illustration, we consider the Harmonic oscillator with the potential

V(z) = %mwaQ.
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QE
mwz mu,z

The EBK semi-classical quantization condition asks
vam 2m V mw? 1 1
2mw:132d.’17—ﬂ' n+§ = E = n—i—i hw.

These are preczsely the allowed energies of harmonic oscillators that we found before.

1.10.5 Quantum Tunneling

Consider a particle in the potential V(x) with energy E. Classically, the particle can only
move in the region V(z) < E. Quantum mechanically, the particle has a chance to pass through

a potential barrier which is classically forbidden. This phenomenon is called quantum tunneling.

A V(x)
ANANAANAANAANAANANAANASS C
ANANANANANANANAANT
<A~ A~ AN
B
E
| |
| |
| |
| |
| |
| |
| ! T
a b

Consider the potential as above, with V() — 0 as 2 — +oo. Assume the energy E > 0
which is smaller than the height of the potential. We consider the scattering problem with
a wave incident from the left. Quantum mechanically, it has a chance to pass through the
potential barrier. The tunnelling probability is the transmitted coefficient T as we discussed in
Section 1.8.3. We will give an approximate formula for 7" via the WKB method.

Let us represent the WKB solution for the transmitted wave by

¥(z) _Fexp(/xk(y)dy—;ri), x> b
_ Zﬁ)cos(/jk(y)dy—l)—i—%sin(/bxk(y)dy—;i).
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By the connection formula, the second term will match to an exponential that grows as we move

to the left from z = b.

. b
__ic exp(/ A(y)dy) a<x<b

=— :im) exp (— /j AMy) dy) exp </ab)\(y) dy> :

This in turn will match to the left of x = a by

_\/Q%exp </ab)\(y)dy) cos </:k(y)dy—z>.

Decomposing this into left-moving and right-moving waves, the corresponding component

for the right-moving wave is

\/% exp (/ab A(y) dy> exp <—i/: k(y) dy + }) .

This leads to the approximate relation

Al=1cles ( [ "Aw) ).

The WKB approximated transmission coefficient is

= oo (<2 [Nwar) =ew (-1 [ Venv@ - Bia).

Remark 1.10.3. We will revisit this WKB formula of transmission coefficient via path integral

lef

AP

method in Section 2.7.3. There the quantum tunneling is realized by a path in imaginary time.

Example 1.10.4. Consider the potential of a square barrier

Vo lz| < a
V(z) =
0 else
Vo V(z)
E
T

The WKB approximated transmission coefficient is

T (-2 [ VEVE - Bl ) = e (- FvEmh - B)).
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1.11 Quantum Kepler Problem

In this section we study quantum particles in R3 under a potential of the form

Z
V() =——, Z >0 constant.
T

Here 7 = (z1, x9,x3) are linear coordinates on R? and

T:\/$%+l‘%+$§

is the length of . The corresponding force is

. 77
F=—vv=-2L
rer

In our assumption for Z > 0, this force is attractive via the inverse square law. For example,
gravitational force and attractive electrostatic force are of this type. The problem with inverse
square law is usually called the Kepler problem.

Classically, the Kepler problem exhibits rich symmetry and is completely integrable. Quan-
tum mechanically, we will see that the bound state spectrum can be also exactly solved by

symmetry. As an application, this allows us to compute the Hydrogen atom spectrum.

1.11.1 Angular Momentum

The angular momentum of the classical particle motion in R? is

-

J=7r xp
where p'is the classical momentum. In components,

J1 = xap3 — x3p2
J; = Z €jkT;pr  or explicitly Jo = x3p1 — x1p3
Jik
J3 = x1p2 — Tap1
Here €5, is the Levi-Civita symbol with €123 = 1. Their Poisson bracket relations are

{Ji, Jj} = Z eiijk.

k
In the quantum case, the angular momentums become the self-adjoint operators
J1 = Zops — T3po
J; = Z €ijkd;pr  or explicitly Jo = Zap1 — 21p3
j?k ol A A A A
J3 = &1p2 — Zapr
The canonical commutation relations
[Zk, pj] = ihdy;
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imply
iy =Y g

Tir&j| =10 exjmbm
) . m

TksDi| =R €hjmPm
B B m

Geometrically, these operators act on the Hilbert space L?(R3) with p;, = —iha%k. Then

(i _ . 9 0
RN T T 0 %0y
i 0 0
—Jo = = __
h? xf”axl xlaxg
L
\TL 37 18.%'2 26331

They generate rotations in the zox3—plane, x3xr1—plane, x1x9—plane, respectively. Let
JP=J.J=J2+J3+ J2.
Then it is direct to check that J2 commutes with jl, jg, Js
0] = [ ] = [0 =0

J2 is called the Casimir element.

The Hamiltonian operator of the Kepler problem

2
a_.p _Z
2m r

is clearly rotationally invariant. Therefore
[ﬁ, jk} —0, k=123

This can be also checked directly.

We are interested in bound states, which are normalizable solutions of the time-independent

Schrédinger equation. The energy FE of such bound state has to be negative in this case.
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For E < 0, let us denote

Bp = {stationary states of energy E'} .

Our goal is to find the allowed bound state energy F with non-trivial energy eigenspace Bp.
Since the angular momentum Ji’s commute with ﬁ, they actually act on the space Bg.
Thus Bg forms a representation of SO(3), the three dimensional rotations. This puts important

constraints on Bp, but is not enough to determine E since generators of these symmetries do

not involve the Hamiltonian H.

On the other hand, the Kepler problem of inverse square law has an enhanced symmetry
SO(3) — SO(4)

whose generators do involve the Hamiltonian. This will enable us to compute the bound state

energy spectrum. We discuss next this enhanced symmetry.

1.11.2 Enhanced Symmetry

Classical Laplace-Runge-Lenz Vector

Consider a particle of mass m in the potential V = —%. The classical Hamiltonian is
_r Z
C2m

In the Kepler problem of inverse square force law, there exists an additional conserved

quantity called the Laplace-Runge-Lenz vector. The classical Laplace-Runge-Lenz vector is

L o PpxJ 7
A=Pr2 T

mZ r

The classical conservation of A = (A1, Aa, Ag) follows from the Poisson bracket relations
{, A} =0, k=1,2,3

which can be verified directly. This allows us to solve the classical motion as follows.

Consider the inner product

. (ﬁ)(j)’F g —*.j' J2
A-in—r:%—r:——r.
mZ mJZ mJZ

Let us write A - 7@ = Ar cos 0, where A is the length of A and 6 is the angle between A and 7.

Since both A and J? are conserved and hence are constants of motion, we find

o
mZ 1+ Acosf’

This immediately implies that the orbit in the classical Kepler problem must be an ellipse

(A < 1), parabola (A = 1) or hyperbola (A > 1).
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Classically, direct computation shows the following Poisson bracket relations
2
{Ap Ajy =——5 > enj At
l

Moreover, we have

A-J=0
25
mZ?

Assume the classical energy is negative 57 < 0. Then A < 1 and the orbits are ellipses.

J2.

A=A - A=1+

These are the classical analogues of bound states. Let us redefine two conserved vectors

- 77 o - 77
J+ %A I?—J_ %A

- ,
2 2

Then they satisfy the following Poisson bracket relations
{5, I;} = Zfijlfl
!
{K;, K;} = Zéz‘lez
l
{Li, Kj} =0
Thus {I;, K;} form the Lie algebra so(3) @so(3), which is the same as the Lie algebra so(4).

Since I, K are conserved (they Poisson commute with .7#”), we conclude that the classical Kepler

problem has enhanced SO(4) symmetry.

Quantum Laplace-Runge-Lenz Vector

Now we extend the above discussion to the quantum case. Define the quantum Laplace-

Runge-Lenz vector by .
(ﬁxj—jxﬁ)—:
r

1

—
2mZ7

In the quantum case
pxJ #* —Jxp

since entries of p and J do not commute. In components, we have

(. 1 1/, - a2 A ~ 0\ T
1= ——% (p2J3 - p3J2> — <J2p3 - J3p2) -
2mZ L i r

A 1 71/, - L oa A L A N\ To
Ay = 57 (p3J1 - P1J3> - <J3P1 — J1P3) - —
mZ L i r

A 1 1/, - o oa A ~ o\ T
A3 = —— (p1J2 —p2J1> - <J1p2 - J2p1) _—
2mz L i T

Using the commutation relations [jk,ﬁj] = ih ) €xjmPm, we find
m
Jxp=—px.J+ 2ihp.
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Therefore we can equivalently write

R R 7
A:m—(pr—zﬁp)——
We also have
A-J=J-A=0
A i
A-A_1+W<J J+h)

This last quantum relation differs from the classical one by a quantum correction A2
In the quantum case, we have the commutation relations (Exercise. See also [30] for a

detailed presentation)
4] = [fL7] =0
(A 4] = —in 0 S i
) l

s As| = i3 e
) l

[jk, jj_ =1h Z €kjljl
) l

Since fl, J commute with ﬁ, they preserve the eigenspace Bg (E < 0)

~

Ai,ji 2 BE — BE
Restricting to this subspace B, we have
P 9 .
[Ak,Aj} = —ih——s zl:ekﬂEJl.

Now we can perform the same construction as in the classical case and redefine

2B o 2[E]
2 ’ 2

ey jo /74

I= on the subspace Bg.

Their commutation relations again obey the Lie algebra of so(3) @ so(3)
[ij,fm == ihzejmljl
: 1

(K K| = iy iR
) l

[fj, K| =0
So we have quantum so(4) symmetry. The corresponding Casimir elements satisfy

.~ o~ mZ? R?

I-I=K K:m—z on the subspace Bpg.

It is this relation that allows us to compute the bound state energies of quantum Kepler problem.
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1.11.3 Representations of so(3)

We review some basic facts about representations of the Lie algebra so(3)
s0(3) = {4 : 3 x 3 real matrix ‘ AT = —A}.

This Lie algebra is three-dimensional with a basis by

00 O 0 01 0 -1 0
ti=10 0 —-11, to=10 0 0], t3=11 0
01 0 -1 0 0 0 0 O

Their commutation relations are

[titi] = > €ijitr-

k

To study the representation, it is convenient to redefine the following complexified basis

Ly =it —ty
L_ =it + 1o
L3 = itg

They satisfy the commutation relations

[L3,L+] =Ly
Ly, L] = —I_
(Lo, L_]=2Ly

Moreover, L3z is Hermitian L3 = L3 and L, L_ are Hermitian adjoint of each other L%} = L_.

A representation of so(3) is a vector space V' together with a Lie algebra morphism
p:s0(3) — gl(V).

We are interested in finite dimensional complex representations. Irreducible complex represen-

tations of so(3) are classified: for each non-negative half-integer [ = 0, %, 1, %, -+, there exists
precisely one isomorphic class of irreducible representation V; of dim¢ V; = 21 + 1.
Let p; : so(3) — gl(V;) denote the corresponding representation. Then on each Vj, the

element L3 can be diagonalized by

-
—-1+1
—1+2

pi(L3) =

67



The commutation relation

(L3, Li] = £L+

says that the action of L, (L_) will raise (lower) the eigenvalue of L3 by one. So the actions

of L3, L4+ on the representation space V; look like

Ly:

Another way to distinguish these representations is to consider the Casimir element
A 1
C=ti+t3+t;3=—L3— g (Lelo+ L Ly).

The Casimir element C' commutes with all t;’s, hence becomes a constant when it acts on an

irreducible representation. The crucial result is that on the irreducible representation V;
o(C) = —1(1+1).

We can generalize the above discussion to the representation of the Lie algebra so(4) =

s0(3) @ so(3). There the finite dimensional irreducible representations are classified by
Vi @V, k,l =0,

One copy of so(3) acts on the Vi-factor via the representation py and acts on the V; factor
as the identity. The other copy of so(3) acts on the Vi-factor via the representation p; and acts
on the Vj-factor as the identity. There are two Casimir elements Cy,Cy corresponding to the

two copies of so(3). In the representation Vj ® V}, we have

Ci=—k(k+1), Cy=-l(l+1) on V,V.

1.11.4 Energy Spectrum

Now we apply the so(3)-representation theory to analyze the quantum Kepler problem. We
consider the eigenspace Bp of the Hamiltonian operator H with energy E < 0. This corresponds
to bound states. A general spectral theory implies that Bg is finite dimensional.

We have operators

I;,,K; : By — Bg

acting on Bg. Thus B forms a complex representation of the Lie algebra so(4) = so(3) @so(3).
[ij,jm = ihzejmlfl
i !

(K)o K| =13 ek
} l

|:Aj7IA(m =0
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Comparing with our conventions in Section 1.11.3, the Casimir element C; for the so(3)-

copy of {I;} and the Casimir element Cs for the so(3)-copy of {K;} are

. j2 . KQ
G O= T
The algebraic relation on Bg
Pk ko mZ%  h?
B 8|E| 4

implies Cy = Cy on Bg. Thus Bg consists of copies of Vi ® V. for some k. Then

N N 72
Oy=Cy=—k(k+1) = |B=—01

8 (k+1)7R?
Let n = 2k 4+ 1 which is a positive integer. Then the possible bound state energies are

Z2

= e >

It turns out (via some further analysis) that each E,, does appear in the discrete spectrum and

each V;, ® V. appears precisely once
Bg, = Vi @ Va1,
2 2
In particular, the dimension of F,-eigenstates is
2 2
dim Bp, = (dimvn;l> =n?,
2

1.11.5 Hydrogen Atom

The Hydrogen atom consists of a proton and an electron in dimension three. This can be
viewed as a two-body quantum mechanical problem.
Let {Z},pp} denote the position and momentum of the proton, and {Z.,p.} denote the

position and momentum of the electron. The corresponding quantum operators satisfy the

canonical commutation relations

(@)s ()| = im0y
[(ie)l , (ﬁe)j:| = ihd;;

[Z) or Py, Ze or Pe| = 0.

The quantum Hamiltonian of the Hydrogen atom is
by . P?

H=_2
2mp+2m6

+V (|17 — 7))

where m,, is the proton mass and m, is the electron mass. V' is the central Coulomb potential



where e is the elementary electric charge.
We can simplify this problem by introducing the center-of-mass coordinates. Precisely, let

us define the center-of-mass position and momentum operators by

N MeTe + mpijp ~ N ~
fo= —— PP = pp + Pe.
c Me + ™y Pc = Pp T Pe
Define the relative position and momentum operators by

MpPe — MePp

TR =1Te— T PR =
© P Me + My

Then we can check that they still satisfy the canonical commutation relation

[(‘@C)z J (156)3} = ihd;;
[(iR)w(ﬁR)j} = ihdj;
[Zc or pe, TR or Pr| = 0.

We can work with 2., p., Tr, pr instead. The Hamiltonian operator now becomes

~ P Py
H= %4+ -2 4+ V(|7
oL T an, TV R
where
MMy,
M. = Mp= —-—+.
c = Me + My, R —,

We can solve the time-independent Schrodinger equation by using separation of variables

(@, 2R) = Ye(zc)VR(TR)
where ¥.(z.) and ¥r(xg) solve separately

P2
2M.

Q;Z)c = Ec¢c

~2
(e + v (D) v = Bt

The total energy is
E=FE.+ ER.

The equation for 1. says that the center of mass moves as a free particle of mass M.. The
equation for ¥ g says that the relative motion between the proton and the electron is a quantum

Kepler problem. By our result in Section 1.11.4, the energies Er for bound states are quantized

M R€4
ER,n:_mv n:1>27"'
The number of bound states with energy Eg ,, is n?.
This formula explains precisely the emission spectrum of atomic hydrogen which occurs
when an electron transits, or jumps, from a higher energy state to a lower energy state. The

observed spectral lines match with the energy difference between two energy levels as above.
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Chapter 2 Path Integral Formalism

In this chapter, we explain the path integral approach to quantum mechanics, which char-
acterizes quantum dynamics of particles in terms of probabilistic paths. This formalism provides
a powerful tool for calculating transition amplitudes and understanding quantum phenomena.
It has been widely generalized and developed within modern quantum field theory. The pre-

sentation in this chapter will focus on intuition and examples to elucidate the basic idea.

2.1 Path Integral: Introduction

2.1.1 Quantum Evolution and Feynman Kernel

We have discussed the state space of quantum mechanics by wave functions v (vectors in

a Hilbert space) and the law of quantum time evolution by the Schrédinger equation
0 N
th—1 = Hq.
Mgy =HY

Here H is the Hamiltonian operator (also called Schrodinger operator), which is a differential
operator that quantizes the classical Hamiltonian function 7.
We focus on time-independent H in this chapter. Viewing Has a self-adjoint operator on

the Hilbert space of states, the time evolution of states via Schrodinger equation is solved by
w(t//» _ efiH(t”—t’)/hW](tl»7 <

Thus the time evolution in quantum mechanics is completely encoded in the one-parameter
—tHt/h o the Hilbert space.
—ifit/n

family of unitary operators e
As we will see, the operator e can be represented by an integral kernel. This means

that the evolution of the wave function v (x,t) can be expressed by the integral relation
v ) = [ a K ),

This integral kernel K plays the major role in a different formulation of quantum mechanics:
the “path integral” approach.
In classical mechanics, the principle of least action plays a primary role. The classical

system is usually described by an action functional

SMW=/£$@@MW
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where .Z is called the Lagrangian. The trajectories of classical particles are stationary points
of the action S, which can be described by the Euler-Lagrange equation

0 d (02N _

This Lagrangian formulation of classical mechanics is related to the Hamiltonian formula-

tion by the Legendre transform
H(x,p) =% — L (x,%).

Here p; = % is the Legendre transform from x, which is called the conjugate momentum of x;.

Remarkably, the study of this integral kernel K leads directly to the Lagrangian formu-
lation! This was first observed by Dirac in his study of canonical transformation of conjugate
variables in quantum mechanics. This viewpoint was not essentially used until Feynman who
developed the complete story of the “path integral approach to quantum mechanics”. In this

story, the integral kernel K has the interpretation as an “integration” over the space of paths

x(t//):x//

[Dx(t)] en SO,

K(X//7t/,;xl,t/) — /

x(t)=z'

, classical trajectory ”

Here [Dx(t)] is expected to be certain measure over the space of paths
x: [t',t"] — Space

with endpoints x(t') = %/, x(t") = x".

One essential feature is that all paths will contribute to the integral kernel K through the
action functional S. This expression provides a direct relation between classical and quantum
mechanics. In the classical limit when h — 0, the method of stationary phase suggests that
the above path integral will have dominate contributions from the stationary paths, which are
precisely the classical trajectories! This clean and intuitive interpretation has been generalized
and applied to many quantum physics and now become standard in textbooks.

Unfortunately, the path space is very big and infinite dimensional. In many quantum me-

chanical cases of our interest at hand, this can be related to Markovian evolution and Brownian
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motion, thus the Wiener’s measure is available. For general path integral in quantum field
theory, the rigorous mathematical construction of the corresponding measure is yet unknown.
This has been one of the major foundational challenges for modern quantum theory.
Nevertheless, the path integral approach offers a deep insight into many quantum problems.
Even without a general rigorous measure available, we can still do many concrete calculations in
physics. Actually, one major motivation of Feynman in developing the path integral formulation
is to apply this to study quantum electrodynamics. One reason for the calculation power of

path integral lies in the formalism itself. For the usual finite dimensional integral

/1

we almost never compute it by definition of Riemann integral or Lebesgue integral. Instead,
we usually compute it by symmetry and differential equations that can be derived from certain
formal and natural properties provided by the integration. This is usually the situation how
we manipulate path integrals in physics. Assuming some natural elementary properties of the
path integral that we borrow from the ordinary integral, we can do many concrete calculations.

The above story of path integral is also called the Feynman path integral. The integral
kernel K is usually called the Feynman kernel in the literature.
2.1.2 Position and Momentum Representation

We will mainly focus on the Hilbert space

L*(R™).

A state 9(x) € L?>(R") is a square integrable measurable function

[ x ol < o

The inner product is
(U1ly2) = /an P1(x)P2(x).

It would be convenient to introduce the eigenvector |x) of the position operator & by
Zi|x') = @i |x').

Strictly speaking, |x’) does not lie in the Hilbert space and corresponds to the continuous

spectra of the self-adjoint operator #. The wave function of |x') is the J-function
IX) ~ §(x-X)

which is non-normalizable. This state lies in the space of tempered distributions. Nevertheless,
we can formally work with such states to simplify many presentations. For example, we can

treat all eigenvectors of the position operator as a “basis” with normalized inner product by
<x//|X/> — 5(X// _ X/).
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Any state |1) can be expanded in this basis by

) = / X (x) ).

Thus the wave function has the interpretation as the coefficients in terms of such a basis of

position eigenvectors. Equivalently, we can write

b(x) = (x]1).
This can be justified by
(xfv) = (x| [ X w)lx) = [ o) ey =[x w3 - x) = o),
We can also rewrite the formula

) = [ @x vl = [ dxioxio)

/d"x\x)(x\ =1

where 1 represents the identity operator.

as the completeness relation

Similarly, we can introduce the eigenvectors |p’) of the momentum operator p by
pilp") = pi[p’).
In our convention, we will normalize them by
(p"[p') = (27h)"5(p" — p').
Thus the completeness relation reads

iy | TRl L

The position and momentum eigenvectors are related by Fourier transform

p) = / d"x P/ x)

or equivalently
(x[p) = ™ P/",

Its complex conjugate gives

(blx) = e~xP/",
A state [¢)) can be either expanded by the position eigenvectors to get
¥(x) = (x[¢)
or expanded by the momentum eigenvectors to get
¥ (p) = (pl).
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They are related by

$0) = alo) = (el s [ BB BI) = e [ pe e

1
(2wh)" (27

9() = (plu) = Bl [ d'x ) (xiv) = [ e xr

which are precisely the Fourier transform formula.
We can use the above representation to express the integral kernel K. Let |¢)) be an initial

state at t = 0. Let |1, t) denote the state at time ¢ hence [¢)) = |¢,0). Then
[, 8) = e~ ).
The corresponding wave function is
blx 1) = (el ) = (xle™ ).
If we compare at two different times ¢’ and t”,
B(x" 1) = <X//‘e—iﬁt”/h|w> _ <X/l‘e—iﬁ(t”—t’)/he—iﬁt’/h‘w>
_ <X//‘efiﬁ(t”ft’)/h </ d'x’ |x'><x"> efiﬁt//hhm
= /d”x' <x”|e_iﬁ(t”_t,)/h|x'>w(x’, t')
we find the following expression for the Feynman kernel K
K" "% t) = <x”‘e_iﬁ(tu_t,)/h‘x’>.

In summary, we can view K(x”,¢";x',t') as the matrix entries of the evolution operator

e tHE" =)/ represented in the basis of the position eigenvectors.

2.2 Path Integral via Time Slicing

2.2.1 Free Particle

We start the study of the Feynman kernel K from the example of the free particle. The

Hamiltonian is
~2
A~ _ p o
Hy=—, M = 1ass.
2m

We denote the Feynman kernel of the free particle by Kj
KO(X”, t”; X/, t,) _ <X”’e_iﬁ0(t”_t/)/h‘X,>.

To describe this kernel, we can first compute

using

ifit/n L i L o/
(p]e iHot/ |x) = (ple”"2mA |x) e '2mn (p|x> = e “2mre P/

(plps=pi(p|
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It follows that

(e O) = i | @ (< BBl )

@ 1n>n / drp e St i X/,
™

Using the Gaussian integral formula

T b2
/du e—au2+bu — \/7640«,
a

the above integral is (strictly speaking we need to do analytic continuation. See Section 2.5.2)

m 2 i m —xl)2
K 7 t// X t eﬁ 2(t7—¢) .
olx )= 2rhi(t" — t')
This gives an explicit formula for the integral kernel of the free particle.

Remark 2.2.1. Note that when the time is purely imaginary with
it —t)=71>0

and when m = %, the kernel K becomes

1 y (x//_x/)2
_ 4T s
(477 )n/2
which is precisely the kernel for the heat operator e™V? on R™. This is the expected result since
in this case ﬁo = —%Vz = —hV? and
1" I\2
nm V2N _ Jot| —HoT/R 1 _7(’{ —x)
xX'|e X)=(x"|e — ar
V) = (e ) = e

We will come back to the discussion of imaginary time in Section 2.2.5.

2.2.2 Infinitesimal Time

We next consider the Feynman kernel for the general Hamiltonian operator

A2

o~ p
H=—
2m+V(X)

with the evolution in an infinitesinally small amount of time &t
K(X”,t +5t;x’,t) _ <X”‘6_iﬁ§t/h}xl>
Keeping the first order in dt, we have approximately
i Hbt/h o il V@it

2mh e

Using the previous result on the free Feynman kernel, we find

;2ot V(x)ar

K" t+6t;x,t) ~ <x”}e amh e ’x/>

V(x )6t

(' x)e R
( m ) % im(xufx )2 _iV(x/)ét
= - e 2Rt h

m )ﬂ g () v




Note that the Lagrangian of the classical system emerges naturally. In a small amount of

17 ! 2
time, the quantity % (X pra ) is approximately the kinetic energy. Thus the expression

m [x" —x"\2
2( 5t >_V(x/)

approximates precisely the kinetic energy minus the potential energy, i.e., the Lagrangian.

2.2.3 Composition Law
The quantum evolution fulfills the semi-group property

e—iﬁ(t”’—t’)/h _ e—iﬁ(t’”—t”)/he—iﬁ(t”—t’)/h7 Pt <,

In terms of the integral kernel, this becomes
<X///|e—iﬁ(t”’—t’)/h|X/> _ <x/”‘e_iﬁ(tl”_tu)/he_iﬁ(t”_t/)/h‘X/>
_ /an// <X///|efif{(t’“7t”)/h’X//><x//}€fz‘ﬁ(t”ft’)/h‘xl>’
i.e.,
K(X’”, t///; x/, t/) — /dnxll K(X’”, t,//; X,/, t”)K(X”, t”; X/, tl)

This is the composition law for the Feynman kernel K.

Geometrically, this composition law can be illustrated by

t/ t/, t/l/

Thinking about K(x”,¢";x',t') as a transition amplitude from x" at time ¢’ to x” at time ¢,
the composition law says that this transition amplitude is the same as summing over all the
transitions at the intermediate time ¢” for all possible x”.

We can further subdivide the time interval for tg =t <t; <to < --- <tn_1 <ty =1t".

to ty e tnN-1 tn
I Il
t/ t//
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Then the same consideration leads to the composition law

K(x",t”;x',t /d"xl /anQ /anN—l

K" " xy_1,tnv-1)K(XN-1,tN—1;XN—2,tN—2) - - - K (x1,t1; %, ).

X XN—2
X2
XN-1
Xp =X '\—/XN:X”
to tq to tnN—2 tn-1 N
I I
IL/ IL//

This is again interpreted as summing over all possible intermediate transitions at time ¢1, t9, - - -

2.2.4 Path Integral

JEN-1.

Now we can subdivide the time interval [/, ¢"] into small intervals for sufficiently large N

to=t <ti<ty<--- <ty <ty=t",

where

t// _ tl

tj:t'—l—je, €= N

The composition law gives

K" t"x 1) = / IT % [T KGjenstjenimgoty), o =%, xy =x".
. —

Applying our result for the integral kernel over small time interval, this is approximated by

) e B

2mhie

In the limit N — oo or ¢ — 0, this integral is expected to reach the following form of

Feynman path integral

N A N )= f,( x—V(x))
K" t"xt) = [Dx(t)]eﬁ ¢
(

x(t)=x’

for some suitable measure on the space of paths going from x’ at time ¢’ to x” at time ¢”.
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\
| —

0/
l

t/ t//

Note that

t” m
S x(t)] = / (T8~ V) ar
t/
is precisely the classical action functional. So the integral kernel K can be also written as
x(t//):X// ;
K"t x' ) = / [Dx(t)] erSxO],
x(t)=x’
We will illustrate how to analyze this path integral in a suitable sense in subsequence sections.
It light of this above formula, Feynman’s path integral can be understood as a Lagrangian
formulation of quantum mechanics, providing an alternative viewpoint compared to the tradi-

tional Hamiltonian operator approach.

2.2.5 Imaginary Time

A more convenient way to obtain a mathematically better behaved path integral is to make

an analytic continuation in time to
t = —iT, T eR.

This analytic continuation is called Wick rotation. The corresponding path integral is called

the Fuclidean path integral. We denote the integral kernel in imaginary time by
Kpx" "% ') = K& —ir";x, —ir") = (x"|e” H(T”_T/)/h}x’>
X(T//):X// T” .
N / [Dpx(r)] e n J7 (3% +V()dr,
x(7")=x’
At this point we can use the conditional Wiener measure to define [Dgx(7)]. In the math-
ematical literature, this above path integral representation for the Euclidean Feynman path
integral is established as the Feynman-Kac formula.

We will also denote the Euclidean action by

m.,
Seix(r)] = [ (53 + V) ar
The Euclidean path integral becomes

KE(X”a 7-”; X/, T,) = /

x(7")=x'

X(T”):X”

[Dpx(r)] e wSE X,
The physical meaning of imaginary time is that the Euclidean kernel
p(X//,X,;ﬂ) = <X”‘6_Bﬁ|xl>

becomes the density matrix in statistical mechanics.
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2.3 Gaussian Path Integral

2.3.1 Gaussian Integral

Recall the Gaussian integral formula

2 T
/ dee ™ =,/—, a > 0.
R a

This Gaussian integral can be extended to the imaginary phase a = —¢A via analytic continua-
tion (see Example 2.5.2). It picks up the branch of \/g = \/i{ by

dxe \/ —eTS‘gn)‘1/|/\ A e R—{0}.

This can be generalized to n-dimensional case as follows.

Proposition 2.3.1. Let A = (a;j) be a symmetric positive definite real matriz. Then
/ d'x e X A% = '/ . (*)

n
Here x'Ax = Y a;jzizj. More generally, we have

i,j=1
t t 7Tn/2 19t A—1
/ d'x e~ X Ax+JI%x eZJ A J'
n Vdet A
A1
Proof: Let A=P P~ where P € SO(n). We consider the change of variables

An

x = Py.

Since P € SO(n), this change of variables has trivial Jacobian d"x = d"y. Moreover

A1
x'Ax =y'P'APy =y'P~' APy = y' Y = Myi + Aoy + -+ Ay
An
Therefore .
-3 AP n T 7.‘.n/2
d”xe_XtAX:/ d'ye = ' = == .
/n Y E Ai VdetA
The case with a linear term J? - x follows by completing the square. O
Remark 2.3.2. This result can be analytically continued to the imaginary case A = —iA and
/ d"x XA — L/Q = e%(mr*"—)L/Q
n det(—iA) /| det Al

where ny and n_ are respectively the numbers of positive and negative eigenvalues of A.
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2.3.2 Zeta Function Regularization

Let us apply the idea of Gaussian integral to path integrals. To illustrate the basic idea,

we start with the simplest example of one-dimensional free particle to compute the kernel
z(T)=z" s T s
Ko(",T;2',0) = / [Da(t)] e Jo (5#%)dt,
z(0)=x’
Let x4 (t) denote the classical trajectory from z’ at time ¢t = 0 to 2’ at time t =T

t
r(t) =2 + T(az" —a).

Any path z(t) with 2(0) = 2/, (T) = 2" can be written as

x(t) = zq(t) + (1),

where the path ~(t) satisfies v(0) = y(T') = 0. We can view 7(t) as the quantum fluctuations

around the classical trajectory x.(t).

1

x(t) =z (t) + y(t)

Since the classical trajectory x(t) is a stationary point of the action, the action functional

S [z] = S[za + 7] has no linear dependence in «y. Thus

T T T T
S[x]:/ T;(a'cclJr"y)th:/ ?@cﬁdH/ 772172dt:5[:cd]+/ %f'ﬂdt.
0 0 0 0

This can be also checked directly. We can write the second term via integration by part as

T T 2
m .o m d
—y dt = —— — | ydt.
/o 2 2 Jo 7<d752)7

Thus the path integral becomes

. . 2
K(2",T;2',0) = B;LS[%Z]/ [Dr(t)] e (=g

7(0)=0
Observe that the path integral in «(¢) becomes the form of Gaussian integral, though in the
infinite dimensional space of paths v(¢) with the Dirichlet boundary conditions v(0) = v(¢) = 0.

The analogy with the finite dimensional Gaussian integral is

t

T v(t)

Z /dt
[ [
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Let us denote the elliptic operator

d2

A=-=
dt2

Comparing with the finite dimensional Gaussian integral, we would expect a result of the form

[

/ " Dy ) B (et )

(0)=0
where N is some normalization constant to be determined.

We need to give a meaning to the determinant of the operator A. We consider the eigenvalue

problem for A with Dirichlet boundary conditions
Ay (t) = Am¥m(t),  ¥m(0) = ym(T) = 0.
We know from the general theory of eigenvalue problem that
D<M < << A< A — 00 as m — +00

and {7, (t)} form an orthonormal basis of the Hilbert space of square integrable functions ()

with v(0) = «(T") = 0. Then the naive definition of det A would be

det A == ﬁ A
m=1

However, this naive product is divergent since \,,, — co as m — oo.
Fortunately, there is a way out using analytic continuation. Let us define the zeta function

associated to the elliptic operator A by
1
CA(S) = Z E, LS C

It is known that the series for (4(s) is well-defined for Re s sufficiently large, and can be

analytically continued to the origin s = 0. Thus
¢’4(0) is well defined.

Intuitively, the derivative formula

, = —In )\,
CA(S):Z ST Res >0

m=1 m

o0
suggests that the naive product [] A, should be defined by the analytic continuation

m=1

« H )\ _ e—CA )
Then we can define the functional determinant of the operator A by
det A := ¢=¢a(0),
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Let us see how this works. The eigenfunctions and eigenvalues of A are easily found

. mmt
Ym(t) = cpsin | —— |, ¢y, some constant

T
= ()

Thus the zeta function C4(s) is

where

is the Riemann zeta function. Using the known result
, 1
(O)=—5  ¢0)=—3mom

we compute

¢4(0) =21In (Z) ¢(0) +2¢'(0) = —In (Z) —In27 = —In2T.

Thus
det A = ¢4 — o7

Plugging this into the path integral, we arrive at

iS[ﬂCcz} N im(acﬁfac/)z .

N
K 1,‘”,T; 1”,0 = ——¢h = — ¢ hT
of )= /T NeTs

This is consistent with our previous result for free particle, with the normalization constant

1
Y- ()"

This result suggests that for general elliptic operator A in dimension one, we have the

Gaussian path integral

~(T) - 1 1
[y Ay dt _ mo\ 2 —=
L o DO (257 (des )2

where det A is defined via the analytic continuation through the zeta function (a(s)
det A := e=¢a(0),

This method is called zeta function regularization.
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2.4 Harmonic Oscillator

2.4.1 Integral Kernel

As an illustration of the path integral method, we revisit the example of one-dimensional

harmonic oscillator. The Hamiltonian operator is

~ 1 m
O= — 524 M 222
2mp + 2w T

We calculate the integral kernel

1

[Dz(t)] ot I (pi?—w?a?)dt

~ z(T)=z
K(z",T;2',0) = <x"’e*1HT/h‘:1:’> = /

z(0)=a’
The action functional is

Slx(t)] = /OT <%x2 - %w2x2> dt.

Let z(t) be the classical trajectory which satisfies the classical equation of motion
iicl(t) = _WQxcl(t)

with specified boundary condition z,(0) = 2’ and z4(T) = 2”. This is solved by

sinw(T'—t) , sinwt ,
t) = .
za(t) sin wT’ . sinwT v

We can decompose any path z(t) with z(0) = 2’ and (T) = 2" by

z(t) = za(t) + (1),

where ~(t) is an arbitrary path with boundary condition

The action becomes
Slz(t)] = Sza(t) +~(t)]

= Szat)] + /OT <%72 _ %w2,y2) dt

Here A is the elliptic operator

The path integral is Gaussian and therefore

~v(T)=0 )
[DA(t)] 8 o e — (2

) 1
K", T;2',0) = erSlra(t)] 'ﬁ) 2 onSlea(t)] (det A)_% )
i

7(0)=0
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We compute det A via the zeta function regularization as in Section 2.3.2. The eigenfunc-

tions and eigenvalues are

. mmt
Ym(t) = epsin | —— |, ¢y, some constant

T
Tm\ 2 9 T\ 2 Wl
= _— —_ ey _ 1 — -
Am ( T ) w ( T > <7rm)
Then naively we find
o] 2 o] [e’e) 2
mm\ 2 wT ™M 2 wT
deta=T] [(Z2) (1= (=) )| =TI (%%) (YT
¢ H T ( (Wm) ) H T H ™
m=1 m=1 m=1
The first term is regularized by Riemann zeta function, which is computed in Section 2.3.2

I (T o,

m=1

The second term is convergent. In fact, using

o .
H [1_<z>2] _ sinz
o Tm z
we have
i [1 (wT>2 _ sinwT
™ W7
m=1
Therefore

det A — (27) (sin;T) _ QSian.
w

The Feynman kernel K becomes

w

1
K(2",T;2',0) = (#) ? enSlea®)],
LN S1N W

The action of the classical trajectory is

Sxq(t)] = m/ ig? — wlzy ) dt

m
=3 :ccz:vcz - (zaia +w?zy?) dt
m
= 2 (xcl(T)xcl(T) —Z'CZ(O)J?C[(O))
om(  w coswIl ,\ , m( coswl w o\
2 < sinwl +wsianx >m 2 ( “sinwT " + sinwl )az
= % [((2")* + (2")?) coswT — 222"] .

We arrive at the final result for the integral kernel of the quantum harmonic oscillator

1 .
mw ) 2 tmel((a)?+(2")?) cotwT— 2227
2mih sinwT

K", T;2',0) = (
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2.4.2 Partition Function

We would like to compare the Feynman kernel of the harmonic oscillator with previous

result on the energy spectrum in Section 1.7. The link is the partition function defined by

Tre PH,

We will compute this partition function in two different ways.

The first way is to compute the partition function through the energy spectrum
o0 o0 e—%ﬁhw 1

Tre A8 = ~BEn _ —B(n+3)hw - ,
te Ze Ze ’ 1 —e P 2sinh (Bhw/2)

n=0 n=0
The second way of computing the partition function is to use the Feynman kernel. Let us

consider the imaginary time
T = —ir

and the Euclidean integral kernel
Kg(x" m:2',0) = K(2", —iT;2",0) = <a:”‘e_ﬁ7/h‘x’>.
The partition function as a trace can be also expressed by
Tre #H = /da: (x]eiﬁﬁ]@ = /da: Kg(z, ph;x,0) = /d:c K(xz,—ifh;x,0).

Plugging our explicit result for the Feynman kernel,

1
~ 2 2musinh2([3wh/2) 2
T _BH:/d L - h sinh(Bwh) z
e R o 27h sinh(Swh) ‘

< mw mhsinh(Swh) )é

2mh sinh(Bwh) 2mw sinh?(fwh/2)
1
2sinh(Bwh/2)

This is the same result as the energy spectrum calculation in a nontrivial way. Physics works!

2.5 Asymptotic Method

In this section, we review some basic tools for asymptotic analysis of the oscillatory inte-
grals. This will help us tackle path integrals in later sections to obtain semi-classical results
in quantum mechanics. The subject is rather classical, but could run easily into very technical
discussion. Instead, we choose the intuitive approach and illustrate the basic idea via examples,

aiming at motivating our later path integral manipulations.

86



2.5.1 Laplace’s Method

We start with Laplace’s method for analyzing integrals of the form

b

which provides the leading asymptotic approximation as A — +oc0. For simplicity, we assume

o [a,b] is a finite interval. The discussion can be generalized to the case when a = —oco or

b = +oo (or both) under further mild assumption of f near the infinity endpoint.

o [ is a twice continuously differentiable function on [a,b] with a unique global minimum

at an interior point zg € (a,b) and
f”(l‘o) > 0.

Under these assumptions, Laplace’ method shows

b o=Af(2) g
lim fa ¢ *

A—00 e—)\f(qjo)

~1. (*)

21
Af"(@o)

We will usually write this as an asymptotic approximation

b
e~ M @) g ~ oM (20) L as A = 400
. A" (o) |

The idea of the approximation formula (*) via Laplace’s method is that in the limit A —

To+e€

0—¢€

400, the integral is dominated by

in a small neighborhood of the global minimum zg. If we do Taylor series expansion around xg

(note that f'(x¢) = 0)

£(&) = o) + 0 )2 4 O((x — w0)?)

and perform a change of variable

Y
T =20+ —=,
VA
then
zo+e =Af(zo) A fMag)
[ a2 [ ot
Xo—¢& )\ *\/XE
—)\f(xo) +oo 7 (zg)
~C e” 2Oy2dy as A — 400
A —0

— ¢~ M (o) 2m )
Af//(l.o)
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f(x0)

/|
\

Outside [zg — &, 20 + €], e M (@) = =M (@) O (=)

The proof of (*) is basically to realize the above idea via a careful analysis of the error.
This asymptotic formula can be generalized to the case when a = —oo or b = +oo (or both)
under some further mild assumption of f near the infinity endpoint.

We can also generalize the above discussion to

b
/ g(z)e M@ dy

where g(x) is positive. Then

b 27
=M (@) Jp ~ —M(wo) [ 20
/a g(z)e dx ~ g(xo)e (o) as A — +oo.

Example 2.5.1. Consider the I'-function

We consider its asymptotic behavior as s — +00. The above discussion generalizes to this case.

Let us rewrite it as

+oo
I(s)=(s— 1)5/ dx e~ (@"m@)A A=s—1
0
thus f(x) = x —Inx in this case. The minimum is at the point
1
fx)=1-——=0 == xo = 1.
o

It follows that we have an asymptotic approximation
I(s) ~(s—1)° 2 e~ M @o)
N Af" (o)
=V2n(s — 1)8_1/261_3

— 2I \/g SS 1_1 861—8
s \s—1

S

(2 S\
~ —<7) as S8 — +oo.
s \e

This is known as the Stirling’s formula.
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The above discussion can be generalized to the n-dimensional case
/ e M gy, x = (z!,--,2").
r

Assume f(x) has a unique global minimum xg in the interior of the domain for integration, and

the Hessian matrix Hy = (0,:0,; f) is positive definite at xg
H f (Xo) > 0.

By a similar consideration, in the limit A — 400, the dominate contribution comes from

the near neighborhood of xg and the leading approximation is given by the Gaussian integral

M (x0) / nop o Ax'H  (x0)x <2”>n/2 1 A (x0)
e d"xe 2 rxo)x (20 e 0)
. X))

Thus Laplace’s method leads to

n/2
/d”xg(x)e_kf(x) o~ (27r> __9x0) e~ M o) as A\ — +oo.
A det(H (xo))

2.5.2 Method of Steepest Descent

Laplace’s method can be extended to the complex oscillatory integrals of the form
I(\) = / dz g(z)e M ®)
C

where f(z) and g(z) are analytic functions of z. By Cauchy integral formula, this complex
integral is invariant under continuous deformations of C' (with appropriate boundary condition
at infinity boundary of C'). This will allow us to perform analytic continuation and asymptotic

analysis by deforming the contour suitably.

Example 2.5.2. Consider the following integral

-2
/e“” dzx.
C

It can be viewed as an analytic continuation of the standard Gaussian integral

/ e~ dx, A> 0.
R

The analytic continuation from X\ > 0 to A = —i can be realized by choosing the contour:

Y

Chy

7 0 >0 small
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Then
I(\) :/ e dz
Co

is convergent for ReA > 0, ImA < 0, A # 0. Thus I(\) gives the analytic continuation from
A € Ry to A € tRoqg. In particular

I(—1) :/CgeiZde:/C

Similarly, if we deform the contour clock-wise, then we obtain an analytic continuation

from A >0 toA=1

-2 T, +o0 2 T
e dz = 64’/ e " du=es'\/T.

—0o0

Lok

i By
/ e " dzy = e 1"/T.
C_n
This explains our discussion on Gaussian integrals in Section 2.3.1.

In general, the method of steepest descent is to deform the contour C' into a curve along

which |e‘f (Z)‘ decays fastest. To see how such a contour looks like, let us write
f(z) =u(z,y) +iv(z,y), 2z=x+iy.

So u = Re f and v = Im f. The steepest descent curve should follow the gradient of u since

le=/| = e

Since f(z) is analytic, u and v satisfy the Cauchy-Riemann equations
Orxu = Oyv, Oyu = —0yv.

It follows that
Vu - Vv = 0,u0,v + Oyudyv = 0.

In other words, Vv is perpendicular to the gradient direction of u, thus the steepest descent
curve will lie on a level set of v. This motivates the following strategy: we deform the contour
C' into a contour C’ such that
D Im f is constant along C’

@ C’ passes through one or more points where
f'(z) =0.
These are called saddle points. They are also the critical points of Re f along C’. Then
I(\) = //g(z)e_Af(z) dz = e~ A f /lg(z)e_ARefdz

and we can apply Laplace’s method.
Let us assume there is one non-degenerate saddle point zy on the contour C’ which is a

global minimum on C’. The condition of non-degenerate saddle point says

f'(z0) =0, f"(z0) #0.
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Then a local computation via Gaussian integral gives

/,g(z)e_)‘f(z) dz ~ /)\f?/@())g(zo)e_)‘f(zo) as A — +oo.

There are similar results for n-dimensional complex integrals. The branch for the square root

from the Gaussian integral is determined by the analytic continuation as in the above example.

Example 2.5.3. Consider the Gaussian integral
/ ez dz, A > 0.
C
Then f(z) = —iz% and
Re f = 2zy, Im f = y? — 2%

The steepest descent contour s

2.5.3 Morse Flow

Concretely, curves of steepest descent can be constructed via Morse theory. We follow the

presentation [/9] to illustrate the basic idea in our case. Consider the following flow equation

dz —

o
e

lim z(u) = saddle
U——00

where u € R is the real parameter of the flow. Along the flow we have

df (2)

=P

So Im f is constant and Re f is decreasing along the flow, leading to a steepest descent curve.

Example 2.5.4. Let us consider an example

2
/ M (@), f(z:):%7 acC", A>0.
c 2
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The saddle point is at z = 0. The curve C of steepest descend satisfies
Imf =0, and Re f — —o0 along OC.

Such curve C can be constructed by solving the flow equation

d -
T =—f()=—az

Let a = Ae®, A > 0. There are two solutions pointing toward opposite directions
z(u) = teAues(T0),

Here is the figure for the corresponding solutions (arrow indicates the flow direction)

INTE
[N11SaY

The solutions flow along the direction with angle as in the figure

6

g Arg(f"(0)).

N =

T
2

ol 3

With appropriate orientations chosen, these two flows combine to form the curve C'.

C

N
NI
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In general, suppose we are to describe the curve of steepest descend for the integral

/ M)
C

passing a saddle point zg. Then the tangent line of C at zy is along the direction with angle

2.5.4 Stokes Phenomenon

In applications of asymptotic method, we will often encounter cases when there are several
saddle points and we need to sum them all. However, as we vary parameters of the model, the
sum of the asymptotic expansions may exhibit discontinuous jump. This is known as the Stokes
phenomenon. Such jump phenomenon actually displays important physical behaviors. We will

explain the basic idea of Stokes phenomenon through a concrete example, the Airy integral.

Airy Function

We consider the following Airy integral along the real line

I()) = /;OO AE2) go 2o /Om cos (/\ ("j - z)> dz

for A € Ryg. This integral is convergent and is related to the standard Airy function Ai
1 +o0o 23
Ai(z) = / cos ( + :Uz> dz
m™Jo 3

I(\) = 27275 Ai (—ﬁ) .

We are interested in the asymptotic behavior of I(A) as A — +oo. As we discussed before,
this can be analyzed by the method of steepest descent. To apply this method, the first step is

to deform the contour C' = R into contours of steepest descent. Let

-0 (2-2).
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It has two saddle points
f'(z)=0 — z=py = *1.

A curve of steepest descent is a contour which passes a saddle point and satisfies
@ Im f = constant
@ Re f — —oo along the infinity endpoints of the curve.

Since

flpx) = igi)\

we have two curves C'y of steepest descent corresponding to the two saddle points p.

To describe these curves, let us consider the flow equation

dz_ TN =2
Z =P =)

which can be written in real coordinates z = x + iy as

;l—x:w\xy

dZ (A>0)
A\ 2 2_1

20 =@ -y 1)

We can draw the direction of the corresponding flow

\\ // x22y2+1
\ Vs
\ /
\ /
\ /
\ \ / \ / /
\ /
\ 1
\ 1
| I
s 4
] |
1 1 +1l
1 \
! \
/ \
/ \
/ \
/ \
/ \
’ \
s \
7 AN

This allows us to draw the curves C4 as
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It follows that for A > 0

1= [ Ean [ A [ s
R c.

i.e., the contour R is deformed to C_ + Cy for steepest descent. Thus I(\) has the asymptotic

behavior via the method of steepest descent

LD 1 [T ~2ix 1
I(\) ~ i)\ed <1+O<)\>>+ _MeB (1+O<>\>) as A — +oo.

Stokes Ray

Now we consider the analytic continuation of the Airy integral

/ eiz\(éfz) d
C

as A varies. In particular, we would like to analyze the asymptotic behavior in the limit

A — +ooe'?

as A approaches oo in the direction of €.

As )\ varies, we need to deform the integration contour C' accordingly so as to keep the
integral convergent. Again, we can decompose C' as a combination of curves C’i of steepest
descent. The curves C’j‘E are associated to the two saddle points and described by

@ Ci passes the saddle point pL = £1

@ Im f = constant along C?

® Re f — —oo along the infinity endpoints of C3

f:i)\<§—z>.

m (f(p)) = 5 Re

So as long as Re A # 0, curves C’i do not intersect and approaches co in different regions.

where

Note that
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If we deform the contour C into
C = n_Ci + 7’L+C_)i\_,

then the Airy integral becomes
/ el dz :n_/ efdz+n+/ el dz.
c cr )
Now as we vary A, the cycles Ci will rotate with A. As long as A does not hit the locus
{Re A = 0}, the curves C2 will vary continuously. However, when

ReA =0

so A becomes pure imaginary,

Im(f(p-)) = Im(f(p+))

while

Re(f(ps)) = % Tm A

Thus one of the curve of steepest descent connects the two saddle points. The two rays
{A € iR} U{X € iR}

in the A-plane are called Stokes rays.
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Stokes rays

b+

2

on the Stokes ray A € iR~ : Re(f(p4)) > Re(f(p-))

When we cross the Stokes ray, the curves C} will display a discrete transformation. The

following figure explains the crossing of one of the Stokes ray

Ci A A
,77 ¢z cX ¢z c
A i -
o

across the Stokes ray

The corresponding contours C7 display a transformation as explained by the figure
CA —
A A A
Ct—CtxC
We apply the above result to the analytic continuation of

/ eik(é—z) d
C

as we vary A and deform the contour C accordingly. We can decompose the contour C' into a

sum of curves of steepest descent C2
C=n_C*+n,C3.
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As a result, to keep the continuity of deformation of C' along analytic continuation, the

numbers (n_,n4) will be locally constant away from the Stokes ray but display a jump

Ny = Ny
n_—n_tng

when we cross a Stokes ray.

Asymptotic Sum
Now we consider the asymptotic behavior of the Airy integral
A(2 ) .
I()\):/ e\ dz  as A — 4ooe'.
C
By the method of steepest descent, we first deform the contour C' into a combination
C=n_C*+nyC}.

Then the method of steepest descent gives the leading asymptotic behavior

I(N) :n/ eiA(f_Z)dz—l—n+/ ei)‘(é_z>dz

cr c
T 2ix [T —2ix
~n_s/—e3"+n —e 3
A TV —ix
Note that

@ if Im A > 0, then [, dominates;
+
@ if Im A <0, then [, dominates.

as A\ — +ooe®,

The rays {Im A = 0} on the real line separating the dominant asymptotic behaviors are some-

times called anti-Stokes rays

/. o» dominates
+

anti-Stokes ray

/. o» dominates

This is compatible with our previous discussion on the Stokes jump. For example, consider

the case when we cross the Stokes ray A € Ry.

/. o» dominates
+
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The asymptotic expansion

I()\):n_/ +n+/
o o

Ny — Ny

will display a jump

n_—n_tny

This is possible since it does not alter the leading asymptotic behavior of I(\), which is given

by the dominate term ny [..
+

2.6 Semi-classical Approximation

The goal of this section is to apply the method of steepest descent to compute the asymp-

totic leading contribution to the Feynman kernel
x(t”):l’” i
Kt t) = [ (Da(t)] et
z(t)=x'

in the classical limit A — 0. For simplicity, we focus on the one-dimensional case.

2.6.1 Semi-classical Feynman Kernel

The saddle point of S is the classical trajectory x.(t). We write a general path z(t) by

z(t) =z (t) + (1)

where () satisfies the endpoint condition

Y(t') =(t") =0.

We can expand S [z(t)] around the classical trajectory x.(t) and find

7 m 1
(2’}/2 - 2V//($Cl)’)/2> dt + O('}/g)

Slz()] = : it — V() dt = S [wa(t)] +
[, (F#-v) /

t/
Thus the method of steepest descent leads to the following leading asymptotic contribution

Y(#")=0

K(@" 1" ¢') ~ enSlral) / [Dy(t)) et J (B 3V @an®)d oy p s,

v(t")=0
This is called the semi-classical approximation.

Let us denote the semi-classical Feynman kernel by
i ~(t7)=0 it (mi2 1y 2
Koela 50 1) 1= e Sta)] [DA(t)) i o (333" e,
y(t")=0
Applying our result on Gaussian path integral, the semi-classical Feynman kernel becomes

1
K., "o Y — (L)2 Sz (t)]
@528 = Chaea) ©"
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where A is the elliptic operator

2 1
A=_L .
dt? mv (e (1))

The main goal of this subsection is to show the following semi-classical formula

1
5 .

K "ol ol 4y — _m £S[xe (1))
sc(x ’ y L, ) (27Tihg00(t”) en

where () is the solution to the initial value problem
? 1
(<~ o) utt) =0
pot) =0,  ¢p(t) =1

Determinant Computation

Let us denote

We present an intuitive computation of

d2
A= g~
det det ( 12 @(t)>

due to Coleman [10].

The idea is to analyze the eigenvalue problem with initial condition at t = ¢/

Apa(t) = Apal(t)

For any ), there exists a unique solution ¢)(t) for the above initial value problem. The

key is to observe that
(p}\ (t//) — 0

if and only if A is an eigenvalue of A for the corresponding Dirichlet boundary value problem

Apa(t) = Apa(t)
pat') = pa(t") = 0.
Now let us consider another operator

- d? ~
A=—— —

and similarly solve ¢, (t) for



Then we claim that
det(A—X)  oa(t")

dot(A N~ ea(t) ®)

Intuitively this follows by “observing” that both sides are meromorphic functions of A with

zeroes at eigenvalues of A and poles at eigenvalues of A (a careful analysis shows that they are

simple zeroes or poles). Let

_det(A - ) oAt
=g e =20
f)

Then the above consideration says that FoN] is an entire function on C.

We next analyze the behavior of f(\) and g(\) as A — oco. Firstly, we have

lim f(A) = 1.
A—00
AR,

Qualitatively this can be understood as follows. For Dirichlet boundary value problem, the

d2

operator — s

has eigenvectors

Un(t) = sin (t”m S (t - t’)>

2
with eigenvalues (%) . Therefore the shifted operator —g—; — X has eigenvalues

2
nm
Hn = <t” _ t/) - A

In the limit A — oo for A ¢ Ry, all eigenvalues |u,| — +00. Thus ©O(t) is very small
comparing to the operator —% — A in the limit A — oo, A ¢ R;. This small perturbation will
cause negligible effect in this limit. Therefore it is natural to expect

lim f(\) = 1.
A—00
AgR
Secondly, we consider the limit
lim g(A).

A—00
AR

To analyze this limit, we first consider the inhomogeneous problem
d2
Q@#‘A>“:f

This is uniquely solved by

u(t) = —/;}Asin (VA(t—5)) f(s) ds.

The corresponding Green’s operator is

t

GU)(#) = — / \%sin (VA(t=5)) f(s) ds.

t/
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Consider the original boundary value problem
d2
(<52 —2—00) et =0
ext) =0, @) =1

We will write ¢y (t) as

where ng\O) (t) solves

Such 90&0) is explicitly found by

Using the above Green’s operator, this is equivalent to

u=G(0 (¢ +u)).

Let us rewrite this by
where O is the operator

Then we find the perturbative solution

u=(1-GoO) 'GoO (gog\o)) = i(G 00" (@E\O)> )

From this expression, we find that the correction uw will have the asymptotic behavior

© 0
=o(F)A

which is small comparing to ng\O) in the limit A\ — oo, A ¢ R. It follows that

0) (1
t
lim g(\) = lim #x ):
A3 00 Ao 00 N(O)(t”)
AR AR, PA
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Combining the above two results, we find

)\lim f((i\\; =1
iy 7
Since f(A)/g(\) is an entire function, it follows that f(\)/g(\) = 1. This shows (*).

Let us rewrite (*) as )
det(A —X)  det(A—N)

ea(t")  @a(t")

This implies
det A = cyp(t")

where c is a constant that does not depend on the potential V. The constant ¢ can determined

d2

2=+ In the free case, we know from Section 2.3.2

by our result in the free case where A = —

- d?
A) = _Y ) o — .
det(A) = det ( dt2> (t" =t

On the other hand, the differential equation

d?
—@900@) =0

Go(t) =0,  @u(t) =1

is solved by

Po(t) =t —t
We find _
det A
Ch=] = 2.
QOO (t”)
Thus

det A = 20 (t").

We have arrived at the promised formula for the semi-classical Feynman kernel

5
K "l 4y — o m £S[za(t)]
sc(m U3, ) (27r2'h<,00(t”) er

where () is the solution to the initial value problem

2.6.2 Jacobi Field

The function ¢g(t) appearing in the semi-classical Feynman kernel has a geometric inter-

pretation in terms of Jacobi field. We illustrate this connection together with a few applications.
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Consider all classical trajectories that start from z’ at the initial time ¢ = ¢’. They are
parametrized by the initial velocity v’ at t = t’. Let us denote x(t; v') for the classical trajectory

that solves the initial value problem for the equation of motion
Mo + V/(JUCZ) =0
zq(t';v") =0, a(t;0") =0,

Here () means % Thus z4(t;v") gives a family of classical trajectories parametrized by v'.

We consider the variation of this family with respect to the parameter v’

0
J(t;0") = %xcl(t; v').
This is called the Jacobi field. Differentiating the equation of motion miy + V'(z4) = 0 with
respect to v/, we find that the Jacobi field satisfies

62 i
which is called the Jacobi equation.
J
4\ 1\ 7\ T T Ll
! 4
The initial condition gives

za(t';o) = 0 J(t;0') =0

e .
Ta(t';0") = J(t;v") =1

Thus the function ¢q(t) from the determinant in Section 2.6.1 is precisely the Jacobi field
Yo = J.

Remark 2.6.1. The point t” at which J(t";v") = 0 is called a conjugate point. In presence of
a conjugate point, there is a family of classical trajectories that start from the same point at

t = t' and end with the same point at ¢t = ¢”.
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Let us denote

tl/
1
S "2 ) = / <2mi‘cl2 - V(xcl)> dt
t/

for the action on the classical trajectory x(t) that starts at (') = 2/ and ends at z(t") = 2.

We learn from classical mechanics that S (z”,t"; 2/, t') satisfies the Hamilton-Jacobi equation

dS. 95,

M} = p(t"), &Ell = —p(t') = —m'
8501 i 8Scl o

ot =-F ot

Here p(t) = miq(t) is the conjugate momentum at time t and E = $miq? + V(zy) is the

energy along the trajectory z.. It follows that

0%S, Ip(t') oV’ m 1 1 928,
o' x" ox" ox" J(t") J(t") m Ox' Oz

Thus the semi-classical contribution of the classical path x(t) can be also written as

i i .2 3
o N d ’ erdel = [ ——— - ’ erSa = [ 0°5a er el
2mihpo(t") 2mihJ (t") 2mh 0z’ Ox"

In general, if we have several classical trajectories from 2z’ at t = ¢ to 2’ at t = t”, then

the semi-classical Feynman kernel is the sum of contributions from all classical trajectories

1
; 2 2.
Kol 2, t) = 3 < i 05q >26;sd

~ 2mwh 0x' 0z
cl

Tel (t/):xl
rar(t")=a"

where Sq(2”,t";2',t") = S[zq(t)] is the value of the classical action on the corresponding
classical trajectories. This is known as the Van Vieck-Pauli-Morette formula.

Example 2.6.2 (Free Particle). The classical trajectory is a straight line. Given initial point
(2',t") and final point (z”,t"), the unique classical trajectory is

B m/(t// _ t) x//(t _ t/)

Ll (t> - t— t—
Then o 9
1 m (m” - x/)
"o, N . 2 _
Sea(z" t" 2"t —/t/ imwcz(t) dt = oy
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2
0°Sa .om
ox'dx” " -t
1
5 i m(w"—ac/)Q
‘L eh 20—t
2mih(t" — t')

In the free case, the semi-classical approximation is exact, i.e., Kgc = K.

= Kl "2 ) = (

Example 2.6.3 (Harmonic Oscillator). Consider the simple harmonic oscillator
“m 2_ M 92 2
Slz(t)] :/ (—:i: L ) dt.
v \2 2
The equation of motion for the classical trajectory is
i+ wiz=0.

When w(t" —t') ¢ Zr, there is a unique classical trajectory from x’ att =1t to 2" at t =t" by

sinw(t” —t) , snwlt-t) ,
sinw(t" —t') sinw(t" —t')

x(t) =

Let
T — t” y tl

Then

tll
m m
(—mdQ — —wadZ) dt

"l 4y —
Scl(‘r ) L, ) / 2 2

t/

=S esnuT S:ZiT [((2")? + (2")?) coswT — 222"
9%S, . w
or'dx"  sinwT
s L) 3 1
— K2t = [ 22 iSa — <L)2 iS5
scl@ 15, 1) 2wh o0z’ 0z € 2mihsinwT €

For the harmonic oscillator, the semi-classical approximation is also exact: Kz = K.

2.6.3 Time-slicing Method

The semi-classical contribution to the Feynman kernel from a classical path x.(t)
) (#"")=0 7 1
REEMO) / ! [Dry(t)] et Ji (B =3V " @a)r?)dt _ (L) 2 iSlzalt)]
~(t)=0 mihdet A

here A= —d—g — iV”(at (1))
v Cdt2 m .

can be also understood from a heuristic computation via limit process of time-slicing for paths.
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lo 131 T tj lj+1 o IN-1 In

Let us subdivite the time interval [¢',¢"] into N small intervals of width e = % Let

2. V'(zalty)

w B
J m

denote the value of V" (z;) at the discrete point ¢ = ¢;. By construction,

'Y(t//):() -7 ) .
/ [Dq/(t)} e% ftt’ (%72_%‘/ (wcz)72) dt
y(#')=0

N-1 i —zs\2 w2
ERY £ 5 g (e
= lim < - ) H drje 7= here zg:=0,2zny :=0
e—0 \27ihe -
m N N—-1
. 2 am ¢t
= lim < - ) H d;yj e2he X ANnx here x = (xl’... 7$N—1)
e—0 \2mihe it
J:

lim (" )°

—0 (27rih6det AN> '

Here Ay is the (N — 1) x (N — 1) matrix

2 — e2w? -1 0

-1 2 — w3

2, 2
2 — €“wi_a —1

0 —1 2 — 2wk

Let us define ug =ceandfor 1 <j < N —1

2 — e2w? —1 0
-1 2 — 2w?

u; = edet

0 -1 2 — 2w?
Then we have the recursive relation

Uig] — 205 + Uj— .
j+1 23 j 1+wj2-+1ug':0> 1<j<N-2.

3

In the continuum limit € — 0, this becomes a differential equation for w(t) (u; = u(t;))
ii(t) + w?(t)u(t) = 0.
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Here w?(t) = V"(x4(t))/m. The initial condition

L
= 1

up = €,

becomes the initial condition

It follows that
lim e det Ay = u(t")

e—0
where u(t) solves

i(t) + %V”(a:cl(t))u(t) =0

u(t') =0, u'(t) = 1.

This is the same result as we find before.

2.7 Green’s Function

2.7.1 Green’s Function with Fixed Energy

In the study of Schrédinger equation, it is useful to go to energy eigenstates and study the
stationary solutions with fixed energy. In the path integral formalism, we are thus led to define
the Green’s function G at fixed energy via the Fourier transform of the retarded Feynman kernel
O(t)K (x",t;2’,0). Here

1 t>0

0(t) =
0 t<0

is the Heaviside step function. Precisely

+m . .
G(2", 2 E) = 1ﬁ/ dTeZ(E“E)T/h@(T)K(:I:”,T; 2',0)
i

— 00

+oo
= ;i/ dT ei(E+i€)T/hK(x”,T; 2',0)
0

1 +oo ) ‘ ‘A
— E dT eZ(E+Za)T/h<_’L‘//|€_ZHT/FL‘:[),>
0
a1
_<$ E—ﬁ+is‘$>'

Here, as often used in distributions, a small positive € > 0 has been introduced to ensure
convergence of the integral and we take ¢ — 0 eventually.

The Green’s function G(z”,2'; E) is analytic in the region Im E > 0, reflecting the retar-
dation under Fourier transform. Knowing the Green’s function, we can recover the Feynman
kernel via the inverse Fourier transform

K", T;2',0) = ;/ dEe*iET/hG(x”,J:’;E).
R

s
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Remark 2.7.1. As an illustration of the method ¢ — 0T, the following distributional identity is

commonly used

lim .
e—0+ X E 1€

= Fimd(x) + P.V. (i) .

Here §(x) is the Dirac é-function. P.V. ( ) is the Cauchy principal value defining the distribution

P.V. (;) . C®(R) — R

fr— lim @dm
e=0T JR_[—g¢]

We will simply drop the € in formulae and keep in mind the meaning ¢ — 0. Thus

G(l'//,.%'/;E) — <$//’E 1 ﬁ|x/>

In functional analysis, the operator ﬁ, for z € C\ spec(A), is called the resolvent of the
operator A. Thus G is precisely the resolvent integral kernel of the Hamiltonian H. It represents

the inverse of E — H and satisfies
(E - ﬁ) G(2",2'; E) = (a"|2) = §(a" — ).

If the spectrum of H is the discrete set {Ey} with orthonormal eigenstates {1}, then G

can be written as a sum

G(2", 2, E) Z<”

Thus the energy eigenvalues { Ey} are detected by the poles of G. In general when both bound

Y (2" (x
) (rla) ZkE Ekk BT ILT)

and scattering states exist, we will have a spectral integral

v oo dp p(a)dp(a)
Gla’,z5 B) _/R%rh EfEI()p) )

Example 2.7.2 (Free Particle). The Hamiltonian of the free particle is

with the free Feynman kernel

2RT

m % im(m”—x/)Q
B ettt

Ko(z",T;2',0) = <

2mhiT
The energy spectrum is continuous. We can compute the free Green’s function by
1
Go JZ”,Q:I;E — {2 |4
@ B) = (| )
1 1
_ d " _ /
o [, (| o P el
]. 1 5 11 /
_ d ip(z’—')/h -0t
27h Jg pE—;192/27n+i56 (& )
I 1 ¢rle" =/ (o Ly o)

27h Jg pE—p2/2m+i5
We can compute the last integral by residue. The poles are located at p+ = +v2m~/ E 4 ie. The

integral picks up a residue at py
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. "__ 1
eiplz” —a'|/h

= Go(a", 2 E) = %Resp:p+ (

> (e = 04)

E —p?/2m + ie

1 m ei\/2mE|x”fm’|/h

~in\ 2E
In the physical region E > 0 with E = ﬁ;fj (k> 0), we have
G :U”,x/;E _ m eik\x”—m’I'
ol )= ek

There is a standard way to construct Green’s function that we briefly recall for the case at

hand. Let 91 (z) and ¥2(x) be two linearly independent solutions of
(E - ﬁ) bi(z) =0

i.e.,

( L E> i) = 0.

2m da?
Consider the following function

2m

E(x,y; B) := P (0(z — y)v1(@)P2(y) + 0(y — )91 (y)b2(z)) -

Here W = 9 (x)¢a(z) — 5 (x)1h1 () is called the Wronskian which is a constant by the equation.
Using ¢'(x — y) = §(z — y), it is direct to check that (z,y; F) satisfies the equation

2m da?

2 2
(h Ty +E> E(y: B) = 8z — ).

In order for {(z,y; E) = G(x,y; E) to hold, we need to choose 9; and v to satisfy appro-

priate boundary conditions. We illustrate this in the example of scattering problem.

Example 2.7.3. Let us consider the case

lim V(z)=0

|z| =400
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which is relevant for the scattering problem. Consider the inverse Fourier transform

K", T;2',0) = ;/ dEeiiET/hG(:E”,xl;E).
T JR

It can be viewed as a superposition of wavefunctions from different energies.

When x" — +oo, the Feynman kernel should behave like an outgoing plane waves with
positive momentum and energy. This tells

G(2",2'; F) erV2mEz" as 1" — +o0.
Similarly, behavior of an outgoing plane when x” — —oo tells
G(2",2'; F) e~ V2mEa" as " — —oo.
This leads to the following asymptotic behavior for the solution 1 and o

P1(x) e V2mEz T — +00

)

a(x) o e R R

To illustrate this, consider the free particle when V = 0. The solutions

(# i +E>w@0:0

2m da?

for E > 0 with the expected boundary behavior is

pr(x) = e** 2mE

w2 (l‘) — efik:r

The Wronskian is W = {1pa — 190, = 2ik. Then the Green’s function is

G’ B) = T;Zzlk (0(z" — 2" )1 (") a(2') + O(z" — 2" )ap1 (2 ) o ("))
B % (e(x// o x,)eik(xnixl) + H(x/ - x’/)eik(xligj/,)>
_ M ke —a|
in2k"

which is precisely the formula we found above.

In general when a localized potential V (x) is turned on, we are in the situation of scattering

process. Consider the energy E > 0. Then the behavior
Pr(z) o €™, w400
can be more precisely described by
e 4 B(k)e e T — —00

Pi(z) = ‘
A(k)etk® x — +00
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This solution represents an incoming plane wave from x = —oo scattering through the po-
tential region. The coefficient B represents the amplitude of the reflected wave, and A represents
the amplitude of the transmitted wave.

Similarly, the behavior

o () o etk T — —00
can be precisely described by
A(k)e~ ke T — —00
Po(r) =9 .
e~k 4 O(k)etk® x — 400

This solution represents an incoming plane wave from x = +oo scattering through the po-
tential region. The coefficient C represents the amplitude of the reflected wave, and A represents
the amplitude of the transmitted wave. Note that the transmission amplitudes from the left and
from the right are the same, due to time reversal symmetry.

We can compute the Wronskian from the behavior at x = +oo and find

W =9y (2)¢2(x) — d1(2)Py(x) = 2ikA.

The Green’s function is thus given by

m

G, o't ) = T o~ Y (0" e + 00" — =Yoo (o).
i
In the limit when ¥’ — —o0, 2" — 400, we find
G2, 2 E) = .]:;12 Atk =), ' — —o0, 2" = 400
i

which displays the information about the transmission amplitude. In Section 2.7.3, we will use

this formula to compute A and derive the WKB formula for quantum tunneling.

2.7.2 Semi-classical Analysis

Now we perform a semi-classical analysis of the Green’s function
1 [ ;
G(2",2'; F) = h/ dT e FTIVE (2" T ', 0)
th Jo
in the asymptotic limit 7 — 0. Recall the Feynman kernel

z(T)=z" s
K(2",T;2',0) = / [Da(t)] en SOl
z(0)=x’

Combining the above two formulae, we find
1 [ ;
Gla" s E) = 5 [ ar [ [Datey) et ETSOD,
th Jo

We consider the semi-classical approximation in the limit 2~ — 0 via the method of steepest

descent. The saddle points are given by (x.,Ts) such that

)
2 (BT + S[z(t)]) ~0
ow z(t)=x,T=Ts
9 (BT + ST() —0
or z(t)=x ., T=Ts
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The first equation is the same as

)

i -0
51‘ =z, T=Ts

i.e., zy(t) is a classical trajectory from z,(0) = 2’ to x4 (Ts) = z”. Plugging z; into the second

equation and using the Hamilton-Jacobi equation, we find

oS []

E===5r

=FE,.

Here E; is the energy of the classical trajectory x.. Thus the saddle points are the set of pairs
(ze, Ts) where x is a classical trajectory from 2’ to x” with energy E and travel time 7.

Now let us compute the semi-classical contribution at a saddle point (z, Ts). Let S denote
the action S[z.] on the classical trajectory x.. Recall that we have the following semi-classical
approximation for the Feynman kernel

1
i 0%8 i\ 2 i

This leads to the following semi-classical asymptotic behavior in the limit 2 — 0

; 1 N
G(x",x';E)g Z 1 < 1 82Sd >2 <27TTLZ>26;L(ETS+SC”

i 11,1 2
(o) th \ 2mh 0x"0x 025
1 928 > .
=2 2| G| en TS,
_ cl
h (-’BCZ)TS) or

This expression can be further simplified as follows. Recall from Section 2.6.2

82501 m

ox"ox  J(T)

where J is the Jacobi field solving

along the trajectory. Let v (t) = @(t) denote the velocity along the trajectory. Differentiating
the trajectory equation
mjfd(t) + V’(xcl (t)) =0

with respect to t, we find
2 1
(dt2 + mV”(xcl(t))> Ucl(t) =0

i.e., vy(t) solves the same equation as J.
Since v (t) is tangent to the trajectory while J(t) is along the normal direction, {v,J}

form two linearly independent solutions of the equation. The Wronskian
W= j(t)vcl(t) - ‘](t)'[)cl(t)
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is a constant by the equation. Evaluating W at t = 0, we find W = v4(0). Then

d(Jt)\ W  wvg0) 0OV T dt
it (w())‘vdu)fvd(t)? = IO =) [ G

On the other hand,

=[ / 5L e
dt =
ve(t ¢ 2(Eq -V
dx

E s
dEd m x/ (Q(Ecl_ ( ))/m 3/2 m v 0 Ucl(t)Q
N OEq _m
or
0 'Ucl(t)2
It follows that )
e _ it _ 1 _ 1
_9Ey a0 (T)  —iq(0)Eaq(T)
12 o 1(0)va(T) 1(0)Za(T)

Let us also define W, = E4Ts + S.. Then

Ts 1
Wy = EuTs + / <2mfcd? — V(xcl)> dt
0

Ts Ts
= E T, + M’ dt — E. dt
0 0

1"

Ts T
= mi g’ dt = / pdzx.
0 T

!

Here p = mi = /2m(E — V(z)) is the classical momentum. Thus we have arrived at the

following asymptotic semi-classical approximation

1

1

Gz 2", E) v > (—ta(0)ia(Ty)) 2 erWe
(xcl:Ts)
3 (aal0)a(T) et
(xcl:Ts)

Remark 2.7.4. Tt is worthwhile to emphasize one important point here. Since we have the

| ar
0

for T', we are not summing over all possible classical trajectories (x.,Ts). In fact, to apply the

integral contour

method of steepest descent, we have to deform the integral contour

/ dT:/dT
0 c

from R>¢ to contour C' which is a combination of curves of steepest descent. As we vary the
parameters x’, x”/, the sum of curves of steepest descent may display a discontinuous jump. This

is precisely the Stokes phenomenon.
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Example 2.7.5 (Free Particle). Given energy E > 0, there exists a unique classical trajectory

from 2’ to 2" by

zq(t) =2 + t,

C ( ) TS
where
o mo oy /
The semi-classical Green’s function is
/ n, ~ l R y -1 i fx/” Del dxcl
G, 2" F) ~ h( (0)2e(Ts)) 2 enle
_1

_ L (2B 2 vamB )
h m

_ m ikIa:"—x’| ]{; _ 2mE
ih%k ’ h

This is the same formula as we found before.

Example 2.7.6 (Linear Potential). We consider the ezample of a linear potential
V(z) = —Az, A > 0.

This example plays an important role in deriving the connection formula for WKB approxima-

tion. We shall understand a different perspective of the connection formula via semi-classical

path integral in Section 2.7.3. We follow the presentation [9] to illustrate the basic idea first.
The equation of motion is

mi = .

Given T, there is a unique classical trajectory from x(0) = 2’ to x(T) = x” by

r(t) =2 +

The corresponding action value is

T 23
1 T T
Sy = / (m:f:le + /\Jrcl) dt = ﬁ(al:” — :1:’)2 + — (" + )

s \2 2T

In the linear case, the semi-classical Feynman kernel is exact

.2 3 1
K", T;2',0) = ( i 0 5q )2 endel = <7m )2 erdet,

27th 0" O’ 2mihT

Let us now consider the saddle points along the T-integral for the Green’s function G(x",2'; E).
Note that for a linear potential, a shift in energy is equivalent to a translation in x. Thus it is

enough to consider the case E =0, so we have
Wea==Sa.

We assume E = 0 in the following discussions.
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The saddle point (x.,Ts) is located at the time Ts by

E=_ aScl
oT |p_r,
— m ('1;//_1,/)2_&( ”—f—IE/)—FAQTSZ:O
272 2 8m

s

— T,= (2;”); (£Va" + V).

There are four saddles in total, corresponding to all possible signs in the choice of square

root of ¥’ and x”. The value of the classical action is
Sy = §(2mA)% (i\/ﬁg + \/:?3)
with signs of Va' and /2! as that for Ts. The product of the initial and final velocities are
(0 (Ty) = (x” — )\TS) <x” — N )\T8>

TS B 2m TS 2m
_ (x// _2x/)2 B )\2 TSQ
T: 4m?
A 22
= " ) = ol

= 2 V) (V).

Thus the semi-classical contribution of the saddle (x.,Ts) to the Green’s function is

N

erde,

1 m
h <2>\(j:\/:n”)(j:\/:?)>
Now let us identify which saddle points will contribute to the semi-classical Green’s func-
tion. The situation will depend on the locus of 2’ and z”.
Case 0 < 2/ < 2"

Both 2’ and 2" lie in the classically allowed region (z > 0).

V
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All the saddle points have real values and we denote them by

1

T - (ﬁ”) (£ £ V7).

&) ) o

Let us consider curves of steepest descent in the T-plane. The complex oscillatory integral

is about the function (E = 0 here)
e%(ETJrSCl) == @%Scl,
The curves of steepest descent in the T-plane are described by
e Im(iS,) = Re(Sy) = Constant
e Re(iS¢y) = —Im(Sy) — —oo along boundary
e Pass through some saddle point.

The classical action S as a function of T is

AT A2T3
m (ZL'” _$1)2 + 7(:1://_'_:17/)

Sa(T) =57 2 C 24m”

The corresponding values of S on Tégii) are

Sa (TEH) = %(mm)% (i\/:??’ + x/a?g) .

s

So all Re (Sd (Ts(ii)>) are different and the corresponding four curves C&%) of steepest de-

scent do not intersect. They can be constructed by following the flow equation to u — 400

dT —_—
& = 8T
T = 5 (T)
i.e.,
dT m , A AT
el _ | Aoon N
il 2TQ($ z') +2(:U + ') o

with the initial condition lim 7T = saddle point.
U—r—00
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Now let us apply the method in Section 2.5.3 to

f(T) =iSa(T).
We have

S/ (T) = —872;2 (T - T<”)) (T - T(+*)> (T - T<*+>) (T . T§++>> .

At the four saddle points,
Scl// >0 Scl// <0 Scl// >0 Scl// <0

) ) 0 -0 e T

So we can draw the tangent direction of steepest descent curve at each saddle point by

&)t 7

A bit further calculation shows that the integral contour {T' € R>¢} is deformed into the

sum of the following two curves of steepest descent

Case: 0 < 2’ < 2.

Thus the semi-classical approximation of the Green’s function G(2”, z’; E') has contributions

from two saddle points
1

T = (2;n> ’ (—Va + va")
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1
10— (B0) (v var).
A
The saddle Ts(_ﬂ corresponds to a direct path from 2’ to z”. The other saddle TS(++)
corresponds to a path that moves left from 2/, reflects at x = 0, then moves right to reach x”.
Case 2/ <0< 2"

2’ lies in the classically forbidden region and z” lies in the classically allowed region.

Vv

The four saddle points

1
TS - (2;”) (/[T = Vo)

are all complex numbers.

7+ i)
X X
X X
7 ()
Su/(T) = — o (1= 1) (1= 180 (7 - 70 (7 - 7).
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At the saddle points, we have

iS." (Ts<++>) € ( ++)>71R>0
iSy" <T5(+ >> c— <T§+*)>_1R>o
iSy" (Tg +>) c— (T§‘+))_1R>o

iSy" (Ts(‘_)> € (Ts(‘_)) T Rag

This allows us to draw the tangent directions of the steepest descent curves at saddles.

) )
— ~
/

7 T

The integral contour {T' € R>(} is deformed to the curve of steepest descend passing
om\ 3
2
Ts(_‘*') = <;\n> <—i\/|x’| + VSE”) .

Note that the saddle Ts(fﬂ has imaginary part. It corresponds to a unique classical path
from 2’ to z”, but has to go through non-real time! This non-real time is due to the fact that

the path has to go through a portion of the classically forbidden region. Indeed

fla= [ 5] W)

In the classical forbidden region, E < V() hence the integration will give rise to imaginary

contribution of the travel time.

Case ' <z <0

Both 2’ and z” lie in the forbidden region.
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The four saddle points

1
T = <2;n>2 (/'] /")

are all imaginary.

T§++)
gl
Tt
7o)

At the saddle points, we have

iSy" (T§++>) € Rsg
iSy" (T§+—>) € Rg
iSy" (TS(*”) € Rsg
iSy" (TS(“)) € R

This allows us to draw the tangent directions of steepest descent curves at saddles.
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The integral contour {T' € R>o} is deformed to two curves passing through TS(_JF) and

Ts(ff). The first curve goes from the origin, passes the saddle Ts(fﬂ
the saddle T. s(__). The second curve starts from the saddle Ts(__) and goes to infinity. The

(

contribution from the saddle TS_+) dominates.

, and then ends up with

2.7.3 WKB via Path Integral

Now we connect our discussion on the semi-classical approximation of path integrals to the
WKB formalism on the semi-classical approximation of wave functions.

The Green’s function

1
G I/7 /7E A 1 _ /

represents the inverse kernel of the operator £ — H and satisfies
(E — ﬁxu) G(z", 2y E) =6(2" — o).

Here H,» is the Hamiltonian operator expressed in the z”-coordinate.

In the previous subsection, we have shown the asymptotic semi-classical formula
1 7
Gl )= = 37 (~da(0)ia(Ty) "2 er"
(xcl:TS)

where the sum is over all classical trajectory z, from 2’ at time 0 to z” at time Ty, with

prescribed energy E. And

Wcl = FT, + Scl = FT, + S[QZCZ]

,Ts 1
— / <E + 5m:‘ccﬁ — V(:cd)) dt
0

1

’Ts x
= mig’ dt = / pdzx
0 T

!
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where

p=mi=+/2m(E —V(zx))

is the classical momentum. Thus semi-classically

2
i [L'N
eh fx’ pdm‘

! 1
Gz, 2 FE) ~ = B
( ) L (m§s) \/Q(Efv(wl)) \/2(E7V(m//))

We see that from the perspective of either ' or z”, the semi-classical Green’s function

produces the structure of WKB approximation.

Quantum Tunneling

Let us frist apply the semi-classical Green’s function to the semi-classical computation of

the transmission coefficient for the barrier tunneling of the localized potential V(x).

V(x)

a b

As we have seen in Example 2.7.3, the Green’s function has the behavior

m Aeik‘(x”—x’) 7
ikh?

where A is the transmitted amplitude.

/ 1
r — —o00, T — 400,

G(x" 2 E) =

On the other hand, we have a semi-classical asymptotic result

1
1 1 2
G,z F) ~ <> erWet
( ) Z h _xcl(o)xcl(Ts)

(zcl 7Ts)

Note that in the limit region ' — —oo, 2" — 400, the particle becomes free with velocity

#(0) = #(Ty) = &

where k = 2%”]2.

To have a classical trajectory from z’ to z” along a time path from ¢t = 0 to t = T, it
is necessary to go through a region of complex time! This is because both 2’ and z” lie in
the classical allowed region, but the path has to go through the classically forbidden region in

between. To penetrate the barrier, the time has to be complex. In fact,

der  [2(E—V(x))

dt m
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thus in the region F < V(z), t must go along the imaginary direction.

The total travel time for the trajectory is

S
e RN

imaginary contrlbutlon of the complex time

For this classical trajectory in the complex time, we have

x'! a b x!
Wa= [ pdo= [ VoamE=V@)do+i [ VomV@) = Byde+ [ om(E= Vi) da.

Thus the semi-classical Green’s function in the limit region 2’ — —oo, 2’/ — +o0 is

G(2" 2 E) ~ .Tzkeé(-’%ff )V2m(E=V (@) Nde 1 [o\/2m(V(2)~E) dz

]

Comparing with the result

e Aezk(ac —x)’
(3

we deduce the semi-classical transmission coefficient

T ~ ’A‘Q _ e—%f;\/Qm(V(x)—E) dz

G(2" 2, E) = ¥ — —oo, 2" — +o0,

This is precisely the formula calculated from the WKB method in Section 1.10.5.

Connection Formula Revisited

Next we investigate the connection formula of WKB approximation near the turning point

where the potential is approximated by a linear potential, say
V(z) = — Az, A > 0.

We assume the energy E = 0, so the turning point is z = 0.
Consider the Green’s function G(z”,2'; E = 0). Let us fix ” > 0 and vary 2’ from the
region ' > 0 to the region z’ < 0.

0<a <z é <0<

|4 |4
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We would like to keep track of the semi-classical approximation along the deformation of
z'. However, if we simply change 2’ along the real axis, we will soon run into trouble when z’

hits the turning point 0. In fact when 2’ = 0, the velocity at the turning point vanishes

2E—V)

=0 at =z =0.

So the semi-classical approximation fails and we lose track of the asymptotic information.
Instead, we can consider the analytic continuation in the complex plane to get around the

turning point. For example, we will follow the change
' =re”, r>0

as 0 varies from 0 = 0 to 6 = 7.

As we have seen in Example 2.7.6, the semi-classical asymptotic behavior of G(z”,2;0) is

contributed by the curves of steepest descent as in the figure

\/Ts(_ R Ts<++\\

when 0 < 2’ < 2"
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) )
— ~
/

7 T

when 2/ < 0 < 2"

Let us analyze what happens in between as we vary 6. Recall the four saddle points
1
T = <2;n) ’ ECENED

1
2 2 i
= <;n> (ieieﬁi \/3:”) 0<r<a’

The values of S, at these saddle points are
Sa (TE) = g (2m\)2 (i\/??’ + \/m”3> - g(zmA)% (et v + \/x”3> .
Recall the curves of steepest descent satisfy

o Im(iS.) = Re(S,) = constant

cl
e Re(iSy) = —Im(S) — —oo along boundary

At the initial stage
0<a <a”

there are two contributing saddles T. S(_+) and T§++). Consider

S, (Ts(*+)> - g(zm/\)% (_e%ie\/;?: n \/ﬁ?’)
2

As we vary 6, the saddle contributions to the asymptotic behavior may jump by Stokes
phenomenon, where one of the curve of steepest descent may hit another saddle point. The

Stokes phenomenon happens when

Re (Sd (T§—+>)) = Re (Sd (T§++>))

that is when 6 = 5. We can draw the corresponding four saddles, the tangent directions of the

steepest descent at saddles, and the contributing curves of steepest descent at 6 = %
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Ts(__) T(_+)

After we pass § = %, only the saddle Ts(_+) contributes to the semi-classical Green’s

function. The process can be illustrated by the following picture

This process explains how the connection formula works. At # = 0, we have two saddle
contributions from Ts(fﬂ and TSHJF) with phase factors

A Sa(T) _ (£ 3emnE (Ve Ve
i (++) i2 5 (VT 4T
ehscl(Te )2653(2m)‘)2( 'tV )

They contribute equally dominant to the semi-classical asymptotic.

At 0 = , after passing through 6 = % by a Stokes jump, we have only T: S(_+) contributing

to the semi-classical asymptotic with phase factor

. _ . 1 3 1
i Sa(TD) _ i 2(2mA)2Va e—%%(2m>\)2\/7—33’3'

Similarly, let us consider semi-classical behavior of the Green’s function as we vary z”
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<z <0 é <0<

— ~
T
— /
T
when 2/ <z <0 when 2/ < 0 < 2"

When 2’ < 2” < 0, we have two saddle contributions from 7. 5(_+) and TS(__) with

S (1Y) L r2em (—v=a =)

z
eh

L Sa(TS 7)) e%%(m,\)% (/=2 =/ —27°)

2
eh

The saddle contribution from Ts(fﬂ dominates that from Ts(ff).
Another interesting phenomenon is that the steepest descent curve starting from ng__)
only half of the full curve of steepest descent from Ts(__)

has

T

When we compute the semi-classical contribution, it gives % of the usual formula from the

Gaussian integral. Thus we write the saddle contribution in this case as
1
T 4 §T§——>.
As we vary x” from the region " < 0 to the region " > 0, these two steepest descent curves
will deform into one steepest descent curve as illustrated.

A careful calculation shows that the above relations between semi-classical asymptotics on

two sides of the turning points precisely give rise to the WKB connection formula (see [9]).
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Part 11

Geometric Perspectives
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Chapter 3 Phase Space Geometry

3.1 Symplectic Geometry of Phase Space

3.1.1 Symplectic Vector Space

Let V be a finite dimensional real vector space. Let

w:VxV-oR

w(u,v) = —w(v,u), Yu,v eV
be a skew-symmetric bilinear form. We denote the null space of w by
N={ueV|w(u,v)=0, Vvoe V}.
We call w non-degenerate or symplectic if its null space is trivial:
w is non-degenerate = N = {0}.

Definition 3.1.1. A symplectic vector space is a pair (V,w) where w is a non-degenerate skew-

symmetric bilinear form on V. In this case we say w is a symplectic pairing.

Let ¢1,--+ , ¢ be a basis of V. A skew-symmetric bilinear form w is represented by a

skew-symmetric matrix in this basis
wij = w(e, ¢j), wij = —Wjj.
Then w is non-degenerate if and only if the matrix (w;;) is invertible, i.e.,
det(wi;) # 0.
In the non-degenerate case, we can find a canonical representation of w as follows:

Proposition 3.1.2. Let w be a symplectic pairing on V. Then there exists a basis
{e1, - ,en, f1, -, fn} of V such that
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In particular, dim V' = 2n has to be even. In such a basis, w is represented by the matrix

0 I,
Wy, = .
-1, O
Thus any symplectic vector space (V,w) of dim = 2n is equivalent to the standard symplectic

space (R?", w,) under the choice of a basis as in Proposition 3.1.2.

Definition 3.1.3. Let (V,w) be a symplectic vector space. The symplectic group Sp(V,w), or

simply Sp(V), consists of invertible linear transformations ¢ : V' — V such that
w(p(u), p(v)) = w(u,v), Yu,v € V.

When (V,w) = (R?*",w,,) is the standard symplectic space, we denote the corresponding

symplectic group by Sp(2n). Explicitly, let us represent ¢ € Sp(2n) by

A B
Y= )
C D
where A, B, C, D are n x n matrices. Then the condition of preserving the symplectic pairing is

T
¥ WnY = Wn,

1.e.,
AT T\ [0 L)\ (A BY (0 I,
(BT DT) (—In o> (C D) v (—In 0)'
That is,
ATC - CTA=0
(ATC’ ~CTA ATD - C’TB> _ < 0 In) — 57D — DTB — o
BTCc -DTA BTD-D'B ~I, 0

ATD-CcTB =1,

a
Example 3.1.4. In the case n = 1, we have (
c

b
d) € Sp(2) if and only if ad —bc = 1. Thus

Sp(2) = SL(2)

Definition 3.1.5. A complex structure on V is a real linear transformation J : V' — V such that

J? = —1. J is said to be compatible with the symplectic structure w (or called w-compatible) if
w(Ju, Jv) = w(u,v), Yu,v eV

and
w(u, Ju) > 0, Yu # 0.

Let J be w-compatible and define



@D g is symmetric:
g7 (u,v) = wlu, Jv) = w(Ju, J2v) = —w(Ju,v) = w(v, Ju) = g;(v,u).
@ gy is positive definite. This is by definition.

Thus g defines a positive definite inner product on V.

Example 3.1.6. Let {e1, -+ ,epn, f1, -+, fn} be a basis of V such that

Consider J : V. — V defined in the above basis by
J(e) = fi,  J(fi) = —e.
Then J defines a w-compatible complex structure
gs(ei, f;) =0
gs(ei,e5) = gs(fi, ) = 0i
In particular, w-compatible complex structure always exists.
Let J be a w-compatible complex structure on V. Then V inherits a C-linear structure by
(a+1b) - u:= au+ bJ(u), Va +ib € C.
There is an induced Hermitian structure on V'
(—,=):VxV —=C

defined by

(= =)= gs(=—) +iw(=,-).
(@D Hermitian: for any u,v € V,
(Ju,v) = gj(Ju,v) + iw(Ju,v) = w(Ju, Jv) —iw(u, Jv) = w(u,v) —igs(u,v) = —i (u,v)
(u, Jv) = g(u, Jv) + iw(u, Jv) = w(u, J?v) 4+ iw(u, Jv) = —w(u,v) + igs(u,v) =i (u,v)
@ Positivity: for any u € V, u # 0,

(u,u) = gy(u,u) > 0.

Given (V,w, J), let

Sp(V) = {p € GL(V) |w(p(=), (=) = w(=,—)}
GL(V,J) = {p € GL(V) |o(J(-)) = J(¢(=))}

O(V) ={p € GL(V) [gs(p(=), v(=)) = 9s(=, =)}

U(V) = {p € GL(V) [{¢(=), (=) = (= =)}

132



In terms of the standard symplectic space and the constructed J above, the above groups are
Sp(2n), GL,(C), O(2n), U(n).

The relation
95(= =) =w(=J(=))

implies that if ¢ € GL(V) preserves any two of {w,J, g}, then ¢ preserves the third and
therefore preserves the Hermitian structure. Thus we have proved
Proposition 3.1.7.

Sp(V) N GL(V, J) = U(V)

Sp(V)nO(V) =U(V)
GL(V,J)NnO(V) =U(V)

Example 3.1.8. Sp(2n) N O(2n) = U(n) can be explicitly realized as follows. Let
A+iB € U(n), A, B are real n X n matrices.

The unitary condition says

ATA+BTB =1,
ATB—-BTA=0

(AT —iBT)(A+iB) =1, —

This implies

(2 _AB> € Sp(2n) N O(2n).

Thus Sp(2n) N O(2n) = U(n) is realized explicitly by the map
A -B
A+iB+— .
B A

J = {w-compatible complex structure}

Let

P = {symmetric positive definite inner product}
The map J + g defines
j:d—P.

On the other hand, given g € P, define K : V' — V by the relation
w(u,v) = g(Ku,v).
K may not lie in J. Nevertheless, K is invertible and skew-symmetric with respect to g

g(Ku,v) = w(u,v) = —w(v,u) = —g(Kv,u) = —g(u, Kv).
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Let K = RJ be the polar decomposition where R is symmetric positive definite and J is

orthogonal with respect to g. Since K is skew-adjoint (hence normal), RJ = JR. Then
K'=—-K, R'=R — J'=—J — J=—Jlyg=-1
i.e., J defines a complex structure on V. Moreover,
w(Ju, Jv) = g(KJu, Jv) = g(JKu, Jv) = g(Ku,v) = w(u,v)
w(u, Ju) = g(Ku, Ju) = g(R(Ju), Ju) > 0 if u#0
i.e., J is w-compatible. Thus the map

r:P—9

g—J
defines a retraction of j : J — P.
Proposition 3.1.9. The space J of w-compatible complex structures on (V,w) is contractible.
Proof: We only need to show P is contractible. Given any gy € P, we define a homotopy

pr:P—P 0<t<1
g»—)tg-!—(l—t)go

Since ¢1 = identity and ¢g = const map to gg, this shows the contractibility of P. O

Example 3.1.10. Consider (R?,w;). Let J be a wi-compatible complex structure. Preserving

wi says that J € SL(2). J? = —1 implies further that J can be written as

a —b
e acR, beR-{0}
b

—a

Positivity of wi(—, J(—)) says

0 1 a—b_#—a
-1 0 #—a_—ab

is a symmetric positive definite matriz, that is b > 0. Therefore

g— a —b

3.1.2 Lagrangian Grassmannian

a€R, be]R>0}

Definition 3.1.11. Let (V,w) be a symplectic vector space. A linear subspace L C V is called
isotropic if w|pxz =0, i.e.,

w(u,v) =0, Yu,v € L.
Proposition 3.1.12. Let L be an isotropic subspace of (V,w). Then dim L < %dimV.
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Proof: The symplectic pairing w induces a linear map
w:V—Vv
v— w(v,—)

which is an isomorphism by the non-degeneracy of w. Let L C V be an isotropic subspace, then

w induces
or: L — (V/L)"

ur— w(u, —)

Observe @y, is injective: if u € L and @, (u) = 0, then
w(u,v) =0 YveV = u=0.
Therefore dim L < dim (V'/L), i.e.,
dim L < % dim V.
O

Definition 3.1.13. A linear subspace L of a symplectic vector space (V,w) is called a La-

grangian subspace if L is isotropic and dim L = % dim V.

Example 3.1.14. Let {e1, - ,en, f1, -+, fu} be a basis of V such that

Then Span{ey,--- ,en} and Span{fi,--- , fu} are Lagrangian subspaces of (V,w).
Definition 3.1.15. Let N C V be a linear subspace. Define its w-orthogonal complement by
Nt :={ueV|w(u,n)=0, Vne N}.

It is clear that
N C V isotropic = N c N*.

Since w is non-degenerate, we have
dim N+ = dimV — dim N.
It follows by dimension counting that
L is a Lagrangian subspace — L=1L"

The collection of all Lagrangian subspaces of (V,w) will be denoted by .Z(V), called the
Lagrangian Grassmannian of V. The symplectic group Sp(V') acts naturally on Z(V):

Sp(V)x Z(V) — Z(V)
o x L~ (L)
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Let J be a w-compatible complex structure. It induces a Hermitian structure on V' and
U(V) =Sp(V)nO(V).

Thus U(V) acts on Z(V):
UV)x Z(V)— Z2((V).

Let g(—,—) = w(—, J(—)) be the corresponding symmetric positive-definite inner product.

Let L € Z(V) be a Lagrangian subspace. Denote
L*:={ueV|g(u,v)=0, Yo e L}
to be the g-orthogonal complement of L. Then
V=LolL"

By definition, we also have L* = J(L)*. Since .J is w-compatible, J(L) is also a Lagrangian

subspace, thus J(L)* = J(L). Therefore we have the g-orthogonal decomposition
V=L®J(L)
of V into a direct sum of two Lagrangian subspaces.

Proposition 3.1.16. U(V) acts transitively on £(V'). Its stabilizer at L € £ (V) is O(L), the
orthogonal group of L. Thus we can identify £ (V') as the homogeneous space

Z(V)=U(V)/O(L).
Proof: For all L, Ly € Z(V), let
(ol L1 — L2
be a g-orthogonal transformation. Then ¢ induces

0071
G L1 JL, 22 1@ L,

| H

|4 |4

By construction, ¢ is compatible with J and g, so
P E U(V) and @(Ll) = Lo.

This proves the transitivity of the U(V')-action.
Let € U(V) and ¢(L) = L. Then ¢ = ¢|;, € O(L). Conversely, any ¢ € O(L) leads to a
stabilizer ¢ of L as above. O
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3.1.3 Maslov Index

Let (V,w) be a 2n-dimensional symplectic vector space, with a w-compatible complex struc-

ture J and a Lagrangian subspace L. By Proposition 3.1.16, we can identify
L(V) = U(WV)/O(L) = U(n)/ O(n).
Let “det” be the determinant mapping
det : U(V) — St ={z € C| |2| = 1}.
Restricting to the subgroup O(n), we have
det : O(n) — {£1}.

This leads to a well-defined map
det? : 2(V) — S

Let F = (detz)_1 (1) be the fiber over 1 € St. If [u] € F is represented by u € U(V) with
detU = —1
then we can find O € O(L) with det O = —1 such that
[u] = 0] € Z(V) and det(vO) =1.
This implies that SU(V') acts transitively on F' with stabilizer at L by SO(L). Thus
F =SU(V)/SO(L)

and we have a fibration
SU(n)/SO(n) —— Z(V)

idetQ
Sl
SU(n) is simply connected. To see this, consider SU(n) acting on C" by standard matrix

multiplication. It preserves the unit sphere S?"~! where SU(n) acts transitively. The stabilizer
is SU(n — 1). This gives a fibration (n > 3)

SU(n — 1) — SU(n)

|

SQn—l
The homotopy exact sequence of this fibration gives

71(SU(n)) ~ 71 (SU(n — 1)) ~ - -- ~ 1 (SU(2)) = m1(S?) = 1.
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Since SO(n) is connected, the homotopy exact sequence of the fibration
SO(n) —— SU(n)
SU(n)/SO(n)
leads to
m1(SU(n)/SO(n)) = 1.

Back to the fibration
SU(n)/SO(n) —— Z(V)

det?
Sl
we find that det? induces an isomorphism

det?

71'1(.3%(‘/)) — 7T1(Sl) = 7.

This isomorphism does not depend on the choice of complex structure J (the collection of all
w-compatible J’s is connected, actually contractible by Proposition 3.1.9) and does not depend

on the choice of the reference Lagrangian L (since U(n) is connected). Thus for any loop
v: 8t — 2(V)

we can associate an integer m(y) € Z representing [y] € 7m1(Z(V)) ~ Z. This integer is called
the Maslov index. Explicitly, m(v) is the winding number of

det?o~: St — St
Example 3.1.17. Consider (V = R?,w). Any line L in R? is a Lagrangian subspace. Thus
ZL(R?) =RP'=U(1)/O(1) = §'/ Zs.

Let
v: 8t — Z(R?)
0 —s e

which winds around the unit circle.
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The composition det? o v is
det?on: St — St

619 6210

Thus the Maslov index of v is
m(y) = 2.

3.1.4 Symplectic Manifold

Definition 3.1.18. A symplectic manifold is a pair (M, w) where M is a smooth manifold and

w is a smooth 2-form on M such that
D w is closed: dw =0
@ w is non-degenerate: Vp € M,
wlp: T,M x T,M — R
defines a symplectic pairing on T,,M.
In local coordinates {xz}, w can be written as
_ 1 dr® A dad
w= 52(«12](36) x' A dz
i7j
where wjj(z) = —wj;(z). Condition dw = 0 becomes
82‘ij + 8jwkl- -+ 8kwij =0, Vi, J, k.
The non-degeneracy condition says
det (wjj(z)) # 0, V.

Definition 3.1.19. Given a smooth function f on M, we define its associated Hamiltonian

vector field V; € Vect(M) by the equation
ty,w = df.
Explicitly in local coordinates,
Ve = Z w9 fi
I= L O
Z7]
where {w%} is the inverse matrix of {w;;},i.e., satisfies

Z wikwkj = 6;
k

In fact,
Zwij@-fbajw = Zwijﬁifwjkdxk = Z@ifdaci =df.

1,J .5,k

139



Definition 3.1.20. The Poisson bracket of two smooth functions f, g on M is defined to be

{fa g} = lyplyv,w.

Using wy,w = dg, this can be equivalently written as

{f.9} = w;(dg) = Vi (9g).
In local coordinates,

{f,9} = w0ifo;g.
i’j
Proposition 3.1.21. Hamiltonian vector fields preserve the symplectic form w, i.e., Zy,w = 0.

Proof: Using Cartan’s formula, we have

Ly,w = (dLVf + vad) w=d(df)+0=0.

The symplectic form w induces a volume form on M by

1
—w", n = dim M.
n!

As a corollary, Hamiltonian vector fields preserve the volume density (Liouville’s Theorem)

1
Ly, (mw"> = 0.

Proposition 3.1.22. Vs = [V}, V.

Proof: Using Cartan’s formula

Wi W = d{f,g} = diy,ty,w = fvf W,w — Ly diy,w = (gvf L, — ng.i”vf) w — ty,ddg = ARALE

By the non-degeneracy of w,

V{f,g} = [va Vg]'
O
Proposition 3.1.23. (C*(M),{—,—}) defines a Lie algebra. The map
C*(M) — Vect(M)
f — Vf
is a Lie algebra homomorphism.
Proof: {—,—} is clearly skew-symmetric. We need to check Jacobi-identity:
{f {g,n}} +{g.{n. F}} +{h.{f, 9}} = 0.

In fact, using Proposition 3.1.22 and skew-symmetry of {—, —}

{9}, 0} = Vipgy(h) = [V, Vgl(h) = Vi({g, h}) = Vo({ /. h})
The Lie algebra morphism follows from Proposition 3.1.22. O
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Example 3.1.24 (Cotangent Bundle). For any smooth manifold X, the total space of its

cotangent bundle M = T*X is canonically a symplectic manifold.

Let {ql} be local coordinates on X. The frame { 8?1"} defines naturally linear coordinates

{pi} along fibers of T*X. Thus {qi,pi} form local coordinates on T*X. Consider the 1-form
A= Zpidqi.

It is easy to check that this expression is independent of the choice of local coordinates and X is

a globally defined 1-form on T*X. X is called the Liouville 1-form. The 2-form

w=d\=> dp; Ndq

defines a symplectic form on T*X.

Definition 3.1.25. Let (M,w) be a symplectic manifold. A submanifold L C M is called a

Lagrangian submanifold if dim L = %dim M and w|f, = 0.

This is equivalent to saying that for all p € L, the tangent space 7, L is a linear Lagrangian
subspace of (T, M,w|,).
Let M = T*X and w be the canonical symplectic form. A submanifold L € M of dim L =

%dimM is a Lagrangian submanifold if
w\ L = d)\’ L = 0,

i.e., the restriction A|r, of the Liouville 1-form on L is a closed 1-form.
Let us consider a special case. Let S : X — T*X be a section of the cotangent bundle.

Such a section is the same as specifying a 1-form « on X, and we denote it by
Sy X — TrX.
The image of S, defines a submanifold
Ly :=8,X)CTX.
One nice property of S, is that we have tautologically
SN = a.
This immediately leads to the following

Proposition 3.1.26. L, C T*X is a Lagrangian submanifold if and only if o is a closed
1-form: da = 0.
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X

/\

Definition 3.1.27. A Lagrangian submanifold of the form L, C T*X associated to a closed 1-
form « is called a projectable Lagrangian submanifold of T*X. L, is called an exact Lagrangian

if « = df is an exact 1-form.

Example 3.1.28. For an exact Lagrangian Lgg, it is described by the equations

0
bi = 87611 (‘1)

In this case, f is called a phase function of L. Note that the phase function is only determined

up to a shift by a constant.

Example 3.1.29. R? = T*R, w = dp Adq. Then any curve in R? defines a Lagrangian

submanifold. Consider
L={p"+¢ =R’} CT'R.
p

t~

The restriction to L of the Liouville 1-form X\ = pdq is closed but not exact since

/ A\ = +7R?
L

where the sign + depends on the orientation of L.
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Definition 3.1.30. A diffeomorphism ¢ : M — M is called a symplectomorphism if ¢ preserves

the symplectic structure, i.e.,

o'w=w.

Proposition 3.1.31. Let o : M — M be a symplectomorphism and L C M be a Lagrangian

submanifold. Then p(L) is also a Lagrangian submanifold.

Example 3.1.32. The flow ¢y : M — M generated by a Hamiltonian vector field V; is a

symplectomorphism. In fact,
d * *k *k
at (prw) = &y (gvfw) =0 = pjw=w, Vit
Let us now specialize this example to the case
M=T*X and f: X =R
Viewed as a function on M, the corresponding Hamiltonian vector field of f is
0
Ve = Oy f—.
The symplectomorphism ¢ : T*X — T*X generated by V; translates the fiber by tdf, thus
$1(La) = Lads-

In particular, ¢ transforms the zero section to

1(Lo) = L.

3.2 Semi-classical Quantization

3.2.1 Semi-classical Solution

We consider quantum particle moving in R™ in the potential V' (x). The quantum Hamil-

tonian operator is

~ n? _,
2m ()

and the Schrodinger equation takes the form
m;wzﬁ@
We consider solutions of the form (called stationary states)
U(x,t) = e "By (x)
Plugging into the Schrodinger equation, we find
Hi(x) = Eyb(x) (%)
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Thus 9 (x) is an eigenstate of H with eigenvalue F/, which is interpreted as the energy. Equation
() is called the time-independent Schrédinger equation.

Let us consider a solution of (x) by the form

Y = enS®a(x, R).

S(x) is called the phase function, and a(x, h) is called the amplitude. Observe

(s v -0) (o)

2 2 : ,
= la <(VS) +(V - E)) - ;—mVQa _ (aV2S +2VS - Va) en’,

2m 2m

The idea of WKB method is to look for h-asymptotic solutions of the form

b = eF5®) (ag(x) + ar () + )

i.e., a(x,h) has the h-asymptotic series
oo
a(x,) ~ Y ap(®)R*,  ag(x) #0.
k=0

Plugging this WKB ansatz into the above equation, we find
(VS)”
2m

aoV2S +2VS - Vay =0

+V=E

apV2S 4+ 2VS - Vai, = iV3ay_1, k>1

The approximate solution

e 5™ ag(x)

is called the semi-classical approximation.

The leading order equation for S can be written as
H(x,p=VS)=E (%)

Here 5 (x,p) = % + V(x) is the classical Hamiltonian function. Equation (k) is precisely the
Hamilton-Jacobi equation.

Geometrically, S defines an exact projectable Lagrangian submanifold
Lgs C T*R"
and the Hamilton-Jacobi equation says that J# is constant (= E) on Lgg, i.e.
A\, =0.
In terms of the Hamiltonian vector field Vz, this is
WLy =0
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i.e.,
w (Ve(p), TyLgs) = 0, Vp € Lys.

Since Lgg is a Lagrangian submanifold, this is equivalent to
Ve (p) € TyLas,  Vp € Luas,

i.e., the Hamiltonian vector field V. is tangent to Lgg.

T*R™

Thus the Hamilton-Jacobi equation leads to an exact projectable Lagrangian submanifold
Lgs with phase function S such that the Hamiltonian vector field V» is tangent to Lgg at every
point of Lgg.

Now we consider the subleading order equation
ao V%S +2VS - Vag =0
which is called the homogeneous transport equation. It can be written as
V- (agVS) = 0.

This allows us to interpret it as
s (ag |d"z|) = 0.
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Here |d"z| = |dz! A -+ Adz™| is the canonical volume density on R”. %yg is the Lie derivative

)
Zi: aisﬁ.

Geometrically, let m denote the diffeomorphism

with respect to the vector field

m: Lgg— R"”

(z',pi = 0;9) —> (a*)

The Hamiltonian vector field V» is

0 0 0 0 0 1 0
V=3 (G om o) =2 (W~ wtian)

%

Observe

1 0
W*(V%|Lds) = —E z@: 82567"17@
Thus the homogeneous transport equation becomes

2, ) (a2]d"z]) = 0.

«(VoelLyg

Since 7 : Lgs — R is a diffeomorphism, we can equivalently describe this on Lgg as
2
gvﬂhds (71'* (ao |d"x|)) =0.

3.2.2 Half-Density

Recall that the density line bundle Densjy; on a manifold M is described by sections which

in local coordinates {azl} are of the form
pz(x) |d"z|, pz(2) smooth function.
Under coordinate transformation {:BZ} — {yi}, pz and py in two coordinates are related by
dy
det (| == ).
()]

(%y;) is the Jacobian matrix. In other words, the transition function of the

Pz = Py

Here (g—g) =

density line bundle is ‘det (%) ’ Invariantly, we can write it as
pa |d" x| = py |d"y].
This property allows us to integrate densities on manifold

/:F(M,DensM)—>R
M
pb—)/ P
M
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Remark 3.2.1. If M is orientable, we can identify
Densy ~ \'T*M,  n=dimM

via a choice of orientation. Thus a section of Densy; becomes an n-form. When M is unori-
entable, these two bundles are different.

Similarly, for any a > 0, we can define the a-density line bundle Dens§; whose transition

dy

Invariantly, we can write an a-density locally by

function is given by
«

pa |d" x|
The transition function says that under coordinate transformation {:E’} — {yz}, we have
pu |4l = py [d"y|".
Back to the semi-classical solution, it is better to identify ag(x) as a half-density
ag |d"z|"/?.

Under the diffeomorphism 7 : Lgg — R"™, it gives a half-density 7* (ao ]d":c\l/ 2) on Lgg. Then

the homogeneous transport equation can be written as

LV el <7T* <a0 ]d"az\l/Z)) =0.

In summary, we have arrived at the following description: a semi-classical solution of the

time-independent Schrédinger equation is equivalent to the following geometric data:

@ an exact projectable Lagrangian submanifold L which lies in a level set of the Hamiltonian

function 7 (equivalently, V» is tangent to L).

@ a half-density Q on L which is V -invariant.
Given such data, we can write S for the phase function of L (defined up to a constant). Let
s:R" — L
(') — (2',p; = 0;5)
denote the diffeomorphism by the section map. Let

s*Q = ag(z) |d"z|"/?

be the corresponding half-density expressed on R™. Then

e S@ g, (z)

gives a semi-classical solution.

There is an immediate advantage of such geometric description: L can be a general La-
grangian submanifold instead of an exact projectable one. For such L in a level set of J#,
the notion of V p-invariant half-density is still well-defined. This leads to the geometric semi-

classical state that we will discuss next.
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3.2.3 Maslov Correction

Now we consider quantization on the Lagrangian submanifold L C T*R"™ which is not

necessarily projectable. The points of L where
m: L — R"
fail to become local diffeomorphisms are called caustics.
Example 3.2.2. Consider the one dimensional Harmonic oscillator
P2

1
=2 4 a2
om T 2"*

The level set 7 = E > 0 is a Lagrangian submanifold

L= {(.’L‘,p) ’%(.ﬁl‘,p) :E}

p

L={#=FE}

There are two caustics of L by
2K
U4+ = + ?, 0].

Caustics are not singularities of L. They actually reflect the way we choose the coordinate

x from the configuration space. In fact, if we consider the projection to the p-coordinate
p L—R
(,p) — p

then m, is a local diffeomorphism around u+. It suggests that we could use appropriate co-
ordinates locally around the Lagrangian to quantize and then glue. This is precisely Maslov’s
technique.

Motivated by the projectable case, we define a geometric semi-classical state as follows.

Definition 3.2.3. A geometric semi-classical stationary state is a pair (L, €2) where
D L c T*X is a Lagrangian submanifold which lies in a level set of the Hamiltonian ¢,

@ Q is a half-density on L which is invariant under the Hamiltonian vector field V.
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Let us next explore how to implement the analogue of the semi-classical solution
G%SCL ’dnx|1/2

on a geometric semi-classical state (L, §2).

When L = Lg4g is exact projectable, the phase function S (viewed as a function of L) is

s= [

up to a constant. Here A = Y p;da® is the Liouville 1-form. This is the same as saying that
i
A =dS.
For a general Lagrangian L, we have
Az is closed
but may not be exact. Nevertheless, we still wish to define the phase factor by

i

eh Jeo A for z € L.

Here zy € L is some reference base point. The integral f;o A is multi-valued and depends on the

integration path from zg to z. Two paths from zg to z will differ by a closed cycle v, and the

§1§A.

Note that since A is closed on L, the cycle integration 957 A only depends on the topological class
of vin Hi(L).

corresponding integrations f;o A differs by

20

Thus if % 557 A € 277 for all v € H1(L), then e 120> would be a well-defined function on L.

This suggests the following integrality condition (Bohr-Sommerfeld quantization condition)

1
— DpINEZ
27h }é <

for all closed 1-cycle v on L. This would be satisfied when L is projectable. However, when

caustics appear, there is a further modification called the Maslov correction.
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The issue comes from the half-density piece of the semi-classical solution. In the projectable

case, L can be identified with R™ under the projection, and we can take the square root |d":ﬂ|1/ 2

uniformly on R™ and write

.0 = a(x) |d"z|"/2.

Then e7a leads to the semi-classical solution. In general, we need to understand how to take
the square root of a volume density consistently on L.

Let us assume L is oriented and we identify the density bundle with
n
Densy, ~ /\ T*L
which is the dual of A"T,L. At each point z € L, the tangent plane
T.L C T,(T*R") = R*"
defines a Lagrangian linear subspace, i.e.,
T.L € Z(R*™)

defines an element of the Lagrangian Grassmannian.

Recall we can identify

Z(R*") ~U(n)/ O(n)

together with
2R &, g1

which induces an isomorphism

71 (L R?™)) ~ 7 (S1).
Explicitly, let us choose the standard complex structure to identify
RQ’R é C" = R" D JRTL,

where R™ = Span{ey,---,e,} and JR" = Span{fi1, -+, fn}. Then {e1,---,e,} defines a C-
basis of C" = R?". For a Lagrangian subspace Lg, we choose an orthonormal basis {c1,- - , ¢y}
of Lg. Then

2
(G WAYORERWAYeR®
det2<L°>:[M} €5
n

Here Ac is the C-linear wedge product on C™. This allows us to define a map
2
Q0 (/\nLg> —{0} — C*
()? — re= %
where

r=(aler,- - en))?, e’ = det?(Ly).

This map ¢ does not depend on the choice of the basis {c1, - ,¢,} of Ly.
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Let us apply this construction to the Lagrangian submanifold L C T*R". We obtain a map
n 2
@ : (/\ T*L) — {zero section} — C*.

The map ¢ can be viewed as describing the geometric change of 2-densities on L relative to a
fixed reference 2-density on R™. Let us write the S'-phase part of ¢ by
2
0= % : (/\nT*L) — {zero section} — S*.
¥
O represents the geometric phase change for 2-densities along L.

Let us now consider the half-density €2 on L. To describe a semi-classical solution, we
need to compare €2 with the standard half-density on the configuration space R". To go around
caustics where a direct comparison with respect to the Jacobian blows up, we will use the
geometric comparison ¢ as above. By construction, we can think about ¢ as a continuous
parametrization of a 2-density relative to a reference one at a fixed point. For the half-density

Q on L, Q% is a 2-density. Thus we can parametrize the half-density Q by
4,0(94)1/4 — @1/4|50(Q4)|1/4-
However, ©/4 is multi-valued on L. ©/4 changes by

o h(2mmi(y))

when it goes around a closed loop v in L. Here m(7) is the Maslov index.
Let us now combine the half-density with the phase function and consider the geometric
semi-classical wave
6% JEA @1/4’()0(94)’1/4'
Its multi-valueness is now reflected by the change along a closed 1-cycle v via the phase factor

ot A5 2rm()

Therefore the above geometric semi-classical wave is globally defined on L if and only if

for each closed 1-cycle v in L. This rule is the Keller-Maslov quantization condition. The factor
%m(’y) is the Maslov correction. In physics literature, this is known as Einstein-Brillouin-Keller
(EBK) semi-classical quantization condition which improves the Bohr-Sommerfeld rule via the

Maslov index.

Example 3.2.4. Consider the one dimensional harmonic oscillator

2
1
_

—kx?.
2m 2

The level set
C ={(z,p) = E}
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is a Lagrangian submanifold. We have

1 1 E
— P A=— @ pdx =—, wzwﬁ, m(C) = 2.
2 Jo 2r Jo w m

The Keller-Maslov quantization condition reads

E 1
— ——cZ.
hw 26

This is compatible with the well-known spectrum

1
E:hw<n+2>, n=201,2,---.

3.3 Heisenberg Group

3.3.1 Heisenberg Lie Algebra

Let (V,w) be a symplectic vector space of dimension 2n. Consider the vector space of
dimension 2n + 1
hy =V ®RK
where we use K for the basis of the new dimension. We can define a bracket on hy by
[u,v] = w(u,v)K if u,veV
[_7 K ] =0

i.e., K is a center element

It is easy to check that (hy,[—,—]) forms a Lie algebra. This is called the Heisenberg Lie
algebra. Explicitly, let {e1,--- ,en, fi, -, fn} be a symplectic basis of (V,w). Then

e, fi] = 0 K
lei 5] = [fis fi1 =0
lei, K] = [fi, K] =0
give the explicit bracket relations in the Heisenberg Lie algebra.

When V = R?" is the standard symplectic space, we denote
hTL = hRQn.

Since any symplectic vector space (V,w) of dimension 2n is symplectomorphic to the standard

R?", we have a Lie algebra isomorphism

Let ¢ € Sp(V) be an element of the symplectic group. Since ¢ preserves the symplectic

pairing, it induces a Lie algebra isomorphism
p: hy — hy
u+ AK — ¢(u) + AK
This induces a group homomorphism

Sp(V) — Aut(hy).
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3.3.2 Heisenberg Group

The Heisenberg Group Hy is the simply connected Lie group associated to the Lie algebra

hy. As a set, Hy can be identified with hy via the exponential map
H\/ = {e“+>‘K}

The multiplication law can be obtained via the Baker-Campbell-Hausdorff formula

utAK€hy

eAeB — oA+B+3[A B]+higher brackets

Since [hy, hy] = RK is the center, all higher brackets vanish here. Thus
eu1+>\1K . €u2+>\2K — 6U1+U2+(>\1+>\2+%w(m,U2))K uy,ug € V.
When V = R?" is the standard symplectic space, we denote
Hn = H]R?n,

For general symplectic vector space V' of dimension 2n, a choice of symplectic basis gives a

group isomorphism

There is also a group homomorphism
Sp(V) — Aut(Hy).
Given ¢ € Sp(V), the induced group isomorphism is

Hy — Hy

QUAK (u)+AK

— e?

This is compatible with the corresponding transformation on Heisenberg Lie algebra.

3.3.3 Schrodinger Representation
Let us consider V = R?" with standard symplectic basis {e1,--- ,en, f1, -+, fn}. Let

S(R"™) = {f(x)]| f is a C-valued Schwartz function on R"}.

S(R™) defines a representation of the Heisenberg Lie algebra h,, by

NP R
e,|—>hx —hx
R 0
fi— hpl T o
7
K —s —
h

This can be exponentiated to a unitary representation of the Heisenberg group H,,. In fact,
let us identify vectors in h,, as

r-ets-f+ \K.

Herer = (r1,---1) € R", s = (51, - sp) € R" and

153



e= (e, --en), f=(f1,--fn)

is the above symplectic basis.

Given a function ¢ (x) € S(R™), we would like to define the transformed function

6r~e+s-f+)\K¢‘

To motivate how this is defined, we first use the group law to rewrite

1
er~e+s~f+)\K — er-e+()\f§r~s)Kes~f.

By the corresponding Lie algebra action and the fact that d,: generates translation

() (%) = (¢7V4) (%) = v(x —s)

7

er~e+()\—%r~s)Kw(x) _ eﬁ(r~x—%r-s+/\)¢(x)
Therefore the expected transformation law is
(er-e+s-f+AK¢) (x) = 6%(r~x—%r~s+)\)w(x —s).
Definition 3.3.1. Given (r,s,\) € Rl we define
Th(r,s, ) : S(R") — S(R")

by

(Tn(r,8, \)8) (%) 1= en (X350 g — 5).
Proposition 3.3.2. The following composition law holds
1
Th(r1,81, M) Th(r2,82, A\2) = T <r1 + 12,81 + 82, A1 + A2 + 3 (ry-sp—ry- S1)> :

This follows from the above formal computation, and can be verified directly. Thus T3

defines a representation of the Heisenberg group H,
ST Y T (1 s A )b,
It is clear that T} preserves the Hermitian inner product. Thus we can extend Ty to
Ty (r,s,\) : L>(R") — L*(R"™).
Ty, defines a unitary representation of H, on L?(R"). Thus we have a group homomorphism
Ty : H, — U(L*(R"))

where U(L%(R")) is the unitary group of L?(R™). This is called the Schrédinger represen-

tation of H,, with parameter h. The parameter indicates the value of the central element

1
K— —.
h

154



The unitary representation 7} leads to a transformation of quantum operators via
AdTﬁ : é — ThéTh_l.

For example,
AdTh(r,s,)\) (532) =1 - Si
Adrp, (rs0) (Pi) = Di — 7
It turns out that the unitary representation Tj of the Heisenberg group H, on L?(R") is
irreducible, i.e., the only closed subspaces of L?(R™) which are invariant under all H,, actions
are {0} and L%(R") itself. Furthermore, the celebrated Stone-Von Neumann Theorem asserts

that this is essentially the only irreducible unitary representation of H, on Hilbert spaces.

Theorem 3.3.3 (Stone-Von Neumann). Let p be any irreducible unitary representation of Hy,
with center action by p(eX) = % on a Hilbert space H. Then there exists a unitary operator
U:H— L?*(R") such that

UpU™ ! =T;.

Such U is uniquely determined up to a phase factor & with || = 1.

We refer to [21] for a proof of Theorem 3.3.3.

3.3.4 Bargmann-Fock Representation

There is another way to obtain the irreducible representation of the Heisenberg group in
terms of holomorphic functions. This is closely related to the Fock space construction.
Let us first define a Hermitian inner product between two functions on C" by

1
(mh)™

oy = i [ e Fa(a)e™ "

Here f,g are not necessarily holomorphic, though we will restrict to holomorphic functions

below for Segal-Bargmann space. The normalization constant is chosen such that
(1), = 1.

The corresponding L?-norm is denoted by

1
(mh)™

1R = (1) = g [, " ali@) e o
Cnr

Definition 3.3.4. The Segal-Bargmann space (or Bargmann-Fock space) is
F,, == { f(z) holomorphic in C" and ||f||} < co}.

Proposition 3.3.5. &, is a Hilbert space.
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Proof: We need to show JF, is complete with respect to the norm || — ||5. Let Pr(zo) denote

the polydisk of radius R centered at zg:
Pr(zo) ={z€ C"|[' —2}| < Rfori=1,--- ,n}.

For any holomorphic function f(z), we have the average property
1
f0) = s [ a1 (a).
(TR?)™ J pr(an)
Using the Cauchy-Schwartz inequality,

]. 2 2
Flao)| < / 27 | ()| e~182 /28 clal? /2
|/ (20)] R oo |f(2)]

A

3 2
1 / on. |al2/h / 2 2 —[o2/h
< — d"ze d"z|f(z)|%e
(TR?) ( Pg(z0) Pr(z0)

1
mh)" o w2\
(;Rg)n (/P( )dz Z€||/h> 1f7-

R\Z0

This implies that for an open neighborhood V of zy, we can choose a constant Cy depending

on V such that

IN

|f(z)] < Cvl|flln, VzeV
holds for any f € F,.

Now let {f,} be a Cauchy sequence in F,. The above estimate shows that {f,} converges
locally uniformly to some limit function f, which must be holomorphic as well. So f € F,.

Therefore &F,, is complete, i.e., a Hilbert space. ]
Proposition 3.3.6. Let f,g be polynomial functions in z = (z%,--- ,2"). We have

<Zif’9>h = <f|h(92¢g>h.

Proof: .
i _ 2n,, i —|z2/h
(Hla) = s [ e @

— (77}1‘1)71 \/(Cn d*"z f(2)g(z) <_h882ieZ|2/h>

1 _
~ e L T (0igla))
O
We define the raising and lowering operators aj and a; by
I 50
a; = 2', a; Er
They are adjoint of each other and satisfy
[ai, CL;] = (SUFL
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Given a multi-index I = {i,1i2, - ,i,}, we define the polynomial

I
z
A (z) =
1) Vel
where
2= ()2 (27), [I| :=1i1+i2+ - +in, I :=qligh- - iyl

If we identify 1 as the vacuum state, then
(a])™ (ah)™
... 1
VR VR,

are expressions of the excited states in the physics Fock space.

Al =

Proposition 3.3.7. {\;} form an orthonormal basis of F,.
Proof: Orthogonality follows by the adjointness of az and a;. We can compute the norm
)y = (1D (ahyead - a1)
= nllnay, = sl

Thus {Ar} form an orthonormal set. We next show they form a basis.

For all f € &, we consider its Taylor series

f(z) = Z crzl.
R

This series converges to f uniformly on compact subsets of C". Let xr denote the characteristic

function on the polydisk of radius R

1 ifz € Pr(0)
Xr(z) = :
0 otherwise

A direct computation using polar coordinate shows
(z'Xr|?'XR), = 01sd1.R
where the constant d; g increases with R and
lim dj g =R,
R—oo
On Pg(0), the uniform convergence of the series and the above orthogonality imply

1fxellz = ler dr,g.

I

Taking R — oo, we find
A7 = D lerPl1="113
I
This implies that {A;} form a basis. O
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Proposition 3.3.8. Let f € F,,. Then
12°f117 = BIIAIIR + IR0, £17
In particular, ai,ag have the same domain on F,.

Proof: The identity holds for f = A;, and in general by Parseval equation.
O

Next we consider representation of the Heisenberg group H, on the Segal-Bargmann space

F,. Recall the construction of raising operators and lowering operators in harmonic oscillator

ot = (o i)
a= %(i +ip)

or
= %(a + af)
p=5(al —a)
Let R?" be the standard symplectic space with symplectic basis {e1,- -+, en, f1, -+, fa}.

Recall that in the Schrédinger representation, we have

Comparing with the above formula of raising and lowering operators, this suggests to define the

representation p on ¥, by

Thus

1 1
r-et+s-f— —(@Gr+s)-z+ —(ir—s)-V,.
T +s) 5+ (i =)

Let us identify (r,s) with complex coordinates w € C" by

w = %(s—zr) o r= %(W—W)
W= 5(s+ir) s= J5(w+W)

Then we can write

1
r-et+s-f— ﬁW-Z—W-VZ.

This leads us to define the representation p of the Heisenberg group by



Using the Baker—Campbell-Hausdorff formula, these operators satisfy the composition law
_ ,Oh(wl + Wg)e% Im(Wi-w2) .

In particular, we have

1< 1
on(w) = eR¥a=Tiivlte .

Thus we find the following explicit formula of the representation on F,

1
0

(pr(W)[) (z) = en™ > 5 M f(z — w).

This is the Bargmann-Fock representation of the Heisenberg group.

By the Stone-Von Newmann Theorem, there exists a unitary map
B:L*R") — 7,
intertwining the Schrodinger representation Tj and the Bargmann-Fock representation pp

L2(R") —25 F,

[n |

L2(R") —25 7,
Explicitly, such B is found by

1

(B9) (6) = fragarm [, @ FO I,

To understand this formula, let us check at the Lie algebra level.

r-e—l—s-fi%r-x—s-vx

1 _ 1 _
—E(W—W)-x—ﬁ(w—kw)-vx

e (e ) e (ke )
h V2§ V2 V2ho o V2t
r-e—ks-fﬁ>%ﬁ-z—w‘vz

Comparing the above two infinitesimal transformations, B should have the properties
- 1 h
(BY)=B || —=x'— —=0,i
o9 =5 (0= 7)o
1 1
821' B =B —ax' + 7811
@) =3 | (e + 75%) )

It is not hard to check that the above defined B is designed to satisfy these two equations.
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Let us also check the unitarity. Let ¢ € S(R™) be a Schwartz function. Then

1 mn mn Z7Z— 272-X+X-X+7Z-Z— 27- —
HBwH%:W/d xd"y Y (x)P(y) | d*z e @12V Xt xt2E=2V 2y 4y y) o~ ol /1

Z:(I'JFZ'S)/\/i 5 ( ;L)S 7 /d"xd”yd) / d'rd"s e~ ;Lr r~(X+y)+iS'(X—Y)+%(X'X-H"Y))
n(r n

1
~ (2mh)n

- / d"xd"y ) (x)(y)e” XTIV 5(x — y)
/d”x¢( X)) (x) = [[¢][2 o

/ d"xd"y 1 (x)(y)e i XYY’ / d's e 7S GY)

as expected. The unitary map B : L?(R") — F,, is called the Segal-Bargmann transform.

3.4 Weyl-Wigner Transform

3.4.1 Weyl Quantization

Let f(y, &) € C2°(R?") be a smooth function on the phase space R?" with compact support.

We define the following operator on the state space

T(0) = o L, €Y 10 OTEY)

where we denote the operator (see Definition 3.3.1)

Th(Ea y) = Th(£7y7 O)

for simplicity. Explicitly, given a wave function ¥ (x) € S(R"™), the operator Ty (f) acts as

T(F)0)0) =gy [ €Y T OTh(6.3)0))
:mlm/ d"gdy f(y, €)et (32 p(x —y)
oxy L ng g re (4
2o [ ey fx—y e CPugy)

=G L Y.

Here

This can be rewritten as

1 1 m iex
Ky <X+ SV, X - 2y> =/ a"¢ f(y, €)ent
R'Il

which is a partial Fourier transform of f in the variable £. Since the transformation

(x,7) 1 1
Xy — | x+ =y, x— =y
’ 2% 2
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also preserves the measure, the transformation
f — K f
preserves the L?-norm.

Theorem 3.4.1. Ty, defines a unitary map from L?(R?*") to the space of Hilbert-Schmidt oper-
ators on L*(R™).

Proof: Ky is the kernel function of the operator T;(f). The theorem follows from the above
computation that f +— K is unitary. ]

Moreover, it is clear that for f € L'(R?"), Ty (f) defines a bounded operator on L?(R™).
By the Schwartz Kernel Theorem, T}, further extends to a bijection

Ty : S'(R?") = Z(S(R™), S'(R™)).

Here S’(R™) is the space of tempered distributions and #(—, —) refers to continuous linear

maps.

Example 3.4.2. Let f(y, &) = d(y — yo,& — &o) be the Dirac o-distribution at (&o,y0). Then

: ~Tr(&0,0)-

Th(f):W

Example 3.4.3. Let f =1 be the constant function. Then

Thus
Th(f)(¥)(x) = 2"p(—x)

is a reflection up to a rescaling.

Definition 3.4.4. Let f(x,p) € S'(R?") be a tempered distribution on the phase space. We
define its Weyl transform to be

~

Wilf) i= ThFo) = g [, ¥R @)D

where ﬁd is the symplectic Fourier transform (composition of the Fourier transform with .J)

-~ 1
Ju(y, &) = (2rh)"

/ d"xd"p e #EX VP f(x, p).
R2n

Since Fourier transform extends to tempered distributions, f, € S'(R?™). Hence Wx(f)

defines a continuous linear map

Wa(f) : S(R™) — S'(R).
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If f € L?(R?"), then Wy, (f) defines a Hilbert-Schmidt operator
Wi(f) : L*(R") — L*(R™).
The operator Wy(f) is also called the Weyl quantization of the phase space function f.
Example 3.4.5. Consider the function
f(x,p) = ex@xtbP)  ap e R,

Its symplectic Fourier transform is

= 1 L (x-(a— . n
fol(y, &) = Ok /dnxdnpeﬁ( (a=&)+p-(b+y)) _ (27h)"8(y 4+ b)d(& — a).

Thus
Wi(f) = Tn (27)"8(y + b)3(€ — a)) = Ti(a, —b) = er @F+>D)

i.e.
Wi ( e%(a-x+b-p)> — oh(ak+bp)

Expanding the above formula in powers of a and b, we find
Wi (z'p") = Sym(2p").

Here I, K are multi-indices and Sym(—) is the symmetrized order average.

For example, consider the n = 1 case. Then

o 1 .
Wa(zp) = Sym(&p) = 5 (P +p2)
1, 9. .
Wi(2p) = 3 (2% + 22 + pa”)
1 5. St L~ o o
Wh(x2p2) = 6($2p2 + p2a? + &pip + pid + pipi + prp)

This symmetrized ordering is also called the Weyl ordering.

3.4.2 Moyal Product

The Weyl transform identifies a function on the phase space with an operator on the state
space. Since composition of operators defines an associative product, it is natural to ask how
such a product is reflected on phase space functions under the Weyl transform.

Recall from the composition law of the Heisenberg group, we have

1(&11’2—52'3'1)
(61, 51)Th(&2,y2) = Trh(&1 + &2, y1 +y2)e” 2 :

Thus

Ta(f1)Tn(f2) = (27%)271 /R% d"&1d™yy f1(y1, €0)Th(€1,y1) /R% d"&od"ys fo(ya, €2)Th(€2,y2)
- (27%)2” /dn&dn“dn@dn” Fi(y1.60) fa(y2, &)e3 OV E@YITy (61 1 £ 31 +y2)
1

= o | ey (R#R) 0Ty
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<JA #]A2> (E :y) : orh / d" an.]?(E -n,y — Z) AIQ( z)ezih((gﬂi)'zfll'(yfz))
! ’ o ( )’I’L R2n n L 777 T,?

1 R R e
(2mh)™ /Rz dnndnzf1(£_Tlay—Z)fQ(n,z)ezh(E ny).

Applying this to the Weyl transform, we find

Wi (FYWr(9) = Th(fo) Th(Gw) = Th(fu#tdo)-

Thus we are led to define a product *; on phase space functions by requiring

—

(f *1 9)o = futbu

i.e.
(o 9)ep) = e [ ey () (. erex v
- (27%)2" /dngdny/dnndnsz(y —2,§ —N)J.(z, n)e%(ﬁ'z—nwe%(ﬁ-x—py)
- (2%)271 / d"&d"yd" nd"z o (y, €)Gu(z, n)er (T (c+32)=(p+3n) (+2)
= (27%)271 / dEd yd nd s T (y, €)G., (2, n)et EXPY) i (1xpD) o35 (E2-my),

From the expression of the Fourier transform

/ dnpdnxe_%(é‘x_p'” f(x,p)

~

fw(Y7€) =

1
(2mh)"
we have -

§ifo(y,€) = (=ih0,i f),
yifu(y. &) = (10, 1),
Thus we can formally write the above product as

(f *n 9)(x,p) ~ f(x7p)e%(ﬁf’7’f"’7”m)g(x,p)-

-
Here % means applying the derivative to the function on the left, and % means applying

the derivative to the function on the right. This formal expression becomes an exact formula

when f, g are polynomials.

The above defined *j is called the Moyal product, or the Moyal-Weyl product. Thus

we have established

Wi (f *r 9) = Wr(f)Wh(g)-

3.4.3 Wigner Transform

Wigner transform and Wigner function

The Wigner transform is the inverse of the Weyl transform, thus takes an operator back to

a function on the phase space. Recall the Weyl transform

~

Wﬁ(f) = Th(fw)
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where f; is the symplectic Fourier transform

o~

Jo(y,§) = (%Tlh)n /R% d"xd"p e_%(ﬁ'X—Y'p)f(xaP)'

The operator Th(ﬁ,) on L?(R™) has a kernel WK]?“} (x,y) where

)

Kp (x.y) = / 4" fu(x —y,€)ent (5

or equivalently
1 1 -~ iex
Kg <X+ J¥ X = 2y> = /n d"€ fuu(y, £)ens™.

Via the inverse Fourier transform, we find

Fop) = s [ AVPEHETI fy. ¢

(2mh)™

1 i 1 1
(2rh) /n ye fo <X+ 9¥* 2y>

This formula leads to the inverse map of the Weyl transform defined as follows.

Definition 3.4.6. Let © be an operator on L?(R") with kernel function ﬁK@(x, y). Define

the Wigner transform Wig[O] as a function on the phase space by

1 ; 1 1
Wig|© = d"ye nYPK = —=y .
ig[O](x,p) Gnh) /Rn ye o <X+ 5¥: X 2y>
It is clear from the above computation that
Wig[Wr(f)] = .
i.e., the Wigner transform is the inverse of the Weyl transform.

Example 3.4.7. Let © be the operator with kernel function

Ko(x,y) = ¢1(x)¢a(y).

Its Wigner transform is

ng [@} (Xap) - (27‘(‘17],)” /I%n dny e_%Y'P¢1 <X + ;y) w2 (X _ ;y) )

A particular case of great interest is when

Ko (x,y) = ¥(x)i(y)-

This operator © projects any state to a state proportional to [¢)). We denote its Wigner

transform by
Wig(¢) := Wig 0]

or -
Wig(l/})(x,p) = (271_1,3)71 /Rn d"y e*%y-pw <X —+ ;y) Qp <x _ ;y> .
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Wig(v)) is called the Wigner function, or the Wigner distribution, of the state 1. Wigner
proposed it as a substitute for the the nonexistent joint probability distribution of momentum
and position in the quantum state ¢). Note that it does not make sense to speak of a joint
probability distribution for momentum and position due to uncertainty principle. Moreover,
Wig(w)) is usually not a genuine probability density since it could take negative values (see the

example of harmonic oscillator below).

Proposition 3.4.8.
[ Wig)x.p) = [0

/ _d"x Wig(t)(x,p) = [$(p) "

Here @(p) = W Jn d™x e‘%X'Pw(X) is the Fourier transform of 1.

Proof:
/n d"p Wig(¥)(x,p) = (2735)” /n d"p/n Ay e~ 7Y Pe) (x + ;y> ¥ <x — ;y>
= /n d"y o(y)y <x+ ;y> ¥ (x - ;y>
= ¥(x)9(x).
Similarly,

1 i 1 1
[ dx Wigw)x.p) = b /R ' /R dryeiry (x + 2y> ¥ (x - 2y)
x—(x+y)/2 1 n h 7%(x7y)-p R
b2 /Rnd X/Rnd ye SX)D)

yox—y (27h)"

1 i R —
— 27rh)"/R d"xe‘hx'pw(x)/ d"y enYP)(y)

n

O

This proposition says the integration of the Wigner function over the momentum space /
position space produces the probability distribution of the quantum state in the position space

/ momentum space. In particular, we have
[ dxd" Wig(o)x.p) = (101
R n

Assume |||z = 1 is normalized, then Wig(¢) is also called the Wigner quasi-probability

distribution.

Proposition 3.4.9. Assume ||¢||r2 = 1 is normalized. Then

1 . 1
_W < Wig(y) < COR
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Proof:

ool () (-2
1 . 1\ . 1
= @rh) (/d y\w@w) K ny—zy)

| Wig(4)(x, p)| < (271'171)" /

1
2)2

O]

As a corollary, let Q C R?" be any region in the phase space. Assume [[¢][;2 = 1 is

normalized. Then
Vol(Q)

(wh)™ -

/Q d"xd"p Wig()(x,p)| <

On the other hand, we have

L, @’ Wig)x.p) = [0]l2 = 1.

Comparing the above two expressions, we find that it is impossible for Wig(¢) to concen-

trate in some region © with Vol(€2) < (wh)". This is a reflection of the uncertainty principle.

Example 3.4.10. Consider the one-dimensional harmonic oscillator

2 2
P mw” o
H = —+ —ux°.
om 2 "
The energy levels are E, = hw (n + %), n=0,1,2,---, with the normalized eigenfunctions by

1 T\ _ =%
Yn(T) = ——===H <7)e 2a2

() Vv 2™nlay/m "\a

where a = \/% and H, are Hermite polynomials.

Let us consider the following linear superposition (coherent state)

IS LR oz
¢Z($)Z,§)e 2 m¢n(x)

1 22+ 22 V2zx a2
=——exp|— + - .
a/m 2 a 2a2

Let us consider the analogue of the Wigner function construction

n

Way 2 (2, D) -
:% dy exvPip, (az + %) Py (w - %)

(ﬂm(w +u/2) | V2T - y/2>> oxp (U2 (2 0j2?)

exp 2a? 2a2

1 2 a?p? |21)? + | 22|? x/a —ipa/h z/a+ ipa/h
= - T - T -9 - — 2 - = 2 - = .
exp ( 3 5 ) exp < 5 2’12’2> exp ( 29 NG + 271 NG )

a
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We can expand into power series in z1,zo and collect terms proportional to (2157,2)” to find

Wig(in) (. p) = (—7715)" exp <_zz B a2p2> Jzi% <”>(_1)J2j <9€2 I a2p2)j

R i) i \a® 2
(—1)" 22 a2p2

= ¢ be@u o u=T Ty

where Ly, are the Laguerre polynomials

Loty = &2 (etmy.

T onldn

We list a first few terms of Laguerre polynomials

1
Ls(t) = 6(_t3 + 9t? — 18t + 6)

1
Ly(t) = ﬂ(154 — 16t + 72t% — 96t + 24)
3.5 Geometric Quantization

3.5.1 Dirac Quantization Principle

Classical mechanics is rooted in the symplectic geometry of the phase space manifold M.

The space Obs® := C™°(M) of classical observables carries a structure of Poisson bracket {—, —}.

We say {f1, -, fm} is a complete set of classical observables if for g € Obs?,
{gafl}::{gvfm}zo = g = constant.

For example, on M = R?", the set of position and momentum functions {xl, sz py, e ,pn}

is complete.
In quantum mechanics, we have a Hilbert space H representing the space of quantum states.
The space Obs? of quantum observables is an appropriate collection of linear operators on H

that carries the natural structure of operator commutator
[01,02] = 0102 — 020;.

Similarly, we say quantum observables {O1,---,0,,} is a complete set of quantum observables
if for O € Obs?,

[0,01] =---=10,0,] =0 = O = c1 is a multiple of the identity.
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In Dirac’s Principle, quantization amounts to an assignment
Q : Obs® — Obs?
fr—f
of operators f on some Hilbert space to classical observables f. This assignment has to satisfy

Q1: @ is R-linear

Q2: 1

Q3: if f is real, then f is self-adjoint

Q(1) is the identity operator

Qt: |f.9] = in{f.g}

Q5: if {f1, -, fm} is a complete set of classical observables, then { fl, R fm} is a complete

set of quantum observables.

Q1,Q2,Q3 are natural requirements. Q4 is Dirac’s observation that the operator commu-
tator should be the quantum counterpart of the classical Poisson bracket. Q5 can be viewed as
an irreducibility condition. The Hilbert space H is in general infinite dimensional. But it could
be finite dimensional as well (such as describing internal symmetries).

Unfortunately, it is in general not possible to satisfy both Q4 and Q5. This is illustrated
by a “no-go” type result for quantization that we will discuss in Section 3.5.2.

Before that, let us first take a look at Weyl quantization on Schrédinger representation.

Let f(x,p) be a polynomial. Its Weyl quantization is the operator

Wi (f) = Sym(f (2", p:))

where

0
ozt

= ]51 = —ih

and Sym(—) is the symmetrized order average. We have

Wri()Wi(9) = Wr(f *r g)

where f x5 g is the Moyal product

(F#n 9)(xp) = fx p)eF (G773 g, ).
In particular,
[(Wr(f), Wr(9)] = Wr([f, g]+)
where
[fogls = f*ng—g*nf
is the commutator of Moyal product. We compute

GOy 99 93\ o
24 ozt dp;  Op; Ot g
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Thus in the Schrodinger representation, the Weyl quantization violates Q4.

On the other hand, the above computation implies

if f, g are polynomials of deg < 2. We will see next that deg = 4 leads to the obstruction.

3.5.2 The Groenewold-Van Hove Theorem

The Groenewold-Van Hove Theorem established several “No-Go” type results for quanti-
zation. We describe the simplest version in the following.

Consider quantization on R?". Let
Pk = {f € Rls,pi]|deg f < k}.
The Schrodinger representation assigns elements of P=<! to operators

1—1=1
' it = o
0
oxt

pi — pi = —ih

and
[@i,ﬁj] = ZTL(SZ] = ih{xi,pj}.

Theorem 3.5.1 (Groenewold). There is no R-linear map
Q : P=* — self-adjoint operators on L?(R™)
satisfying
(1) Q(1) =1, Q(a’) = &', Q(p;) = pi
(2) [Q(f),Q(g)] = ihQ({f,9}), ¥V f,g € P=.

Proof: We prove the case for n = 1. The proof for the case n > 1 is similar. Assume such @Q

exists. Recall the Weyl quantization Wy,. By assumption (1)

Q(f) =Wxu(f)  for feP=
Observe the Poisson bracket satisfies
{p=?,p='} c P!

and

[Wh(f)7wh(g)] = Zﬁwh({fvg}) for f € szag € Pgl-

Therefore
(Wa(f), 9] = ih{f. g} = [Q(f),§]  for feP=*ge Pl
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Thus
[Q(f) = Wr(f). 2] = [Q(f) — Wr(f),p] = 0.

It follows that the exponentiated one-parameter family of unitary operators Q) =W (1))
on L%(R™) commute with the Heisenberg group action and give rise to automorphisms of the
Schrodinger representation. By Stone-von Neumann Theorem (Theorem 3.3.3), such automor-

phisms must be scalar multiplication so
Q(f) = Wxu(f) =const 1 for fe P=2

The above constants on the right are actually zero. In fact, using z? = % {xQ, xp},

oy _ L 2
Q) = 5 1), Q)]
= %[Wh(ﬁ) + c1, Wh(xp) + 2] c1, ¢ are some constants
i
_ 2
= ﬁ[wh(l’ ), Wi (zp)]
= Wi (z?).
Similarly we can show Q(p?) = W5 (p?) and Q(xp) = Wy, (xp). Thus

QUf) =Wn(f)  for feP="
Next we observe that for f € P<3, g € P<1,
[(Wh(f), Wn(9)] = ikWr({f, g})
still holds. Thus for f € P<3, g € P!,
[Q(f) = Wh(/[), 9] = ihQ({ [, 9}) — ihWa({f,9}) = 0
since {f,g} € P<2. By the same argument as above, we have
Q(f) —Wi(f) =const 1 for fe PS5

Similarly, using

1 1
2? = 3 {a”, 2p} P’ =3 {zp.p’}
1 1
x2p:6{$3’p2} $p2:6{$2’p3}
we can deduce that the above constants on the right are zero. Hence
Q) =Wn(f)  for feP=
Now we come to degree 4 polynomials. Consider
22 L3 3 Ly o 2
z°p :5{33 ,p}:§{wp,:vp }.
By assumption (2), we would have

Q(z*p?) = !

= 5710, Q") = 57 1Q("p). Qap”)]
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On the other hand, using
[23,p%]. = 9(ih)x?p* + g(ih)3

) 1
[2°p, ap?]e = 3(ih)a’p® — 5 (ih)*

we have
9063, Q07— ) WP w4 -
and
?ni,h[Q(pr),Q(pr)] :STB[WE(QJZP),WFL(pr)] = &%Wh([x%,xﬁ]*) — Wi (22p?) + éhg
1 3 3
£ [Q), QW)
Contradiction. -

3.5.3 Prequantization

Since it is unrealistic to construct quantization satisfying all the conditions Q1-Q5, we have
to relax either condition Q4 or Q5. There is a natural way to construct a quantization of a
symplectic manifold which satisfies conditions Q1-Q4. This is known as the prequantization.

Let (M,w) be a symplectic manifold. Recall the construction of Hamiltonian vector fields
C*(M) — Vect(M)
fr— Vs, vyyw = df
which is a Lie algebra homomorphism
Vi, Vol = Viggy-
If we think of V; as a first order differential operator acting on C°°(M), then the assignment
fr—ihV;

satisfies Q1, Q3, Q4 but not Q2 since it sends 1 — 0.
To remedy this, let L. — M be a complex line bundle on M with a connection V. Let Fy

be the curvature 2-form. For any vector fields X, Y, we have
[Vx,Vy] = Vixy) = Fv(X,Y).

Given a function f, we use V; to denote the covariant derivative with respect to the
Hamiltonian vector field V}
V= Vy,.

Then the above curvature formula reads
V¢, V] — Vitgr = Fg(Vy, V) = wytv, B
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Here vy, is the interior product (contraction) with the vector field V7.

Consider the following assignment of operators on I'(M, L)

Q(f) == ihV s + f.

We have
[Q(f), Q(9)]

[ihV ¢ + f,ihV 4+ ¢]

(ih)?* (Vg + Fo (Vi Vy)) + 260 {f, g}

(ih) (ihV 1,6y + {f,9}) + () Fo(Vy, Vy) + ik {f, g}
=ihQ({f,9}) + (ih)*Fy(Vy,Vy) + ih {f, g}
=ihQ({f,9}) + (ih)*Fy (Vy, V) + ihuy,tv,w

Thus if the curvature 2-form is

Fy = —%w

then the following relation holds

[Q(f), Q(9)] = ihQ({ [, 9})-

This calculation motivates the following definition.

Definition 3.5.2. A prequantum line bundle on (M, w) is a Hermitian line bundle (&, (—, —))

)

with a compatible connection V such that its curvature 2-form Fy satisfies

Here we recall a Hermitian line bundle is a complex line bundle . with a smoothly varying
family of Hermitian inner products (—, —) on fibers of .. Our convention for Hermitian inner
product is that (—, —) is complex-conjugate linear in the first argument and complex linear in

the second. Thus for any local sections s, s1,s2 € I'(U, .Z) and a local function f € C*(U),

o (51,52) = (s2,51)
o (fs1,82) = f(s1,52)
o (51, fs2) = f(s1,52)

e (s,5) >0and (s,s) =0 < s=0.

The connection V is said to be compatible with the Hermitian inner product if for any real

vector field X on M and local sections s1, s9 of &,
X (s1,82) = (Vxs1,82) + (s1, Vxsa).
The Hermitian structure (—, —) induces a Hermitian inner product (—|—) between global
sections of .Z by
wn
(s1]s2) = /M (s1,82) —7
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We obtain a Hilbert space L?(M,.%) by square integrable measurable sections of .. Thus
n

%
]| 1= (/M<s,s>°;!> <oo for se (M, %)

Let (£, w,(—,—)) be a prequantum line bundle on (M,w). For a smooth function f, we

assign the following operator
Q(f)=ihVi+ f: I'M,Z) —T(M,2).
The curvature condition Fy = —%w implies

[Q(F), Q(9)] = ihQ({f, 9})

so condition Q4 is satisfied. Also we have
Q(1) =1

so condition Q2 is satisfied. Condition Q1 on R-linearity is obvious.
Let us examine condition Q3. Let s1,s2 € I'o(M,.Z) be two sections of . with compact
support. Let f be a real smooth function on M. Compatibility of V with (—, —) implies

Vs (s1,82) = <Vf81,82> + <81,Vf$2> .
Integrating over M with respect to the volume form “r, we find

(Vsi]s2) + (s1|Vsa)
:/ (Vfs1, 82) + <sl,vf52>)%

Vf 81,82 7'

_/ (.Lﬂvf <81,52>) wa
M n!

__ /M (51, 52) Lo, <°;’:> —0.

Here in the last step, we have used the Liouville Theorem on the invariance of the Liouville

volume form under Hamiltonian flows. This implies the self-adjoint relation

(Q(f)s1ls2) = (s1|Q(f)s2)-

Thus a prequantum line bundle leads to a quantization that satisfies conditions Q1-Q4.
The above discussion is based on a given prequantum line bundle. However, it is not clear
whether prequantum line bundles exist or not. There is indeed a topological obstruction for it.
The 2-form

—F
2 v

is closed, and its de Rham cohomology class



represents the first Chern class of L. One remarkable feature of Chern class is the integrality:

L Fy eZ
2 »

1

for any closed surface X. Therefore 5 7 [w] represents an integral cohomology class. The converse

is also true: if ﬁ[w} is integral, then there exists a prequantum line bundle.
Definition 3.5.3. We say the symplectic manifold (M, w) is quantizable (for a particular value

of h) if
1

— S/
2mh EW

for every closed surface ¥ in M.

Thus on a quantizable phase space, we can construct a quantization satisfying Q1-Q4. Note

that such a quantization is far from expectation in quantum mechanics. For example

Qf) =iV f

is always a first order differential operator for any function f. But we should expect higher
order differential operators, such as Schrédinger operator, in quantum mechanics. The problem
is condition Q5, i.e., the above constructed Hilbert space L?(M, %) is too big. We will consider

how to cut down the degrees of freedom in Section 3.5.4.

Example 3.5.4. Consider the total space of the cotangent bundle
M=T"X, w=4df

where 0 is the Liouville 1-form. Since w is exact,

/w:/dazo
b b

for any closed surface > C M. Thus cotangent bundles are always quantizable. In fact, we can

choose £ to be the trivial line bundle and the connection by
i
=d— =0.
v h
Example 3.5.5. M = 5% = {x2 oyt 42 = 1} C R3.
w = A(xdydz + ydzdx + zdxdy), A > 0.

We have

/ w = / dw = 4rA.
SQ $2+y2+22§1

Thus (M,w) is quantizable < A€ 7.
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3.5.4 Polarization and Quantum States

The problem with the Hilbert space L?(M,.%) arising from a prequantum line bundle %
on a quantizable symplectic manifold M is that it is too big. For example on M = R?", a
section ¢ of .Z depends on both the position x and the momentum p, thus can not be the
candidate of a wave function in quantum mechanics. We need a way to eliminate “half” of the
variables. The notion of polarization serves for this purpose.

Let TCM = TM ®p C denote the complexification of the tangent bundle T'M. Let

T T'M — T M
X+— X
denote the complex conjugate. The symplectic form w extends C-linearly to a non-degenerate
pairing on TCM and we still denote it by w.

Assume dimg(M) = 2n. For any z € M, a C-linear subspace P C TZ(CM is called a

Lagrangian subspace if dim¢ P = n and
w(X,Y)=0, VX,Y € P.

Definition 3.5.6. A polarization of (M,w) is a complex subbundle P ¢ T¢M such that

@ for any z € M, P, is a Lagrangian subspace of TS M

@ integrability: for any open subset U,

X, Y eT'(U, P) = (X, Y] eT'(U,P)
Here [X,Y] is the Lie bracket of two vector fields.

@ dim(P, N P,) is constant for z € M.

Condition @) is a technical assumption for the purpose of certain constructions.

We will be mainly interested in the following two types of polarizations:

a) Real Polarization: P, = P,, V2 € M

b) Kéhler Polarization: P, N P, = {0}, Vz € M

Definition 3.5.7. Let (¢, V) be a prequantum line bundle on (M, w) and P be a polarization.
A section s € T'(M, %) is called P-polarized if

VXs:O

for any vector field X in P.
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Let us check the consistency of the above condition. Let X,Y be two vector fields in P.

Assume Vxs = Vys = 0 holds, then
[Vx, Vy]s =0.

On the other hand,
[Vx,Vy] =Vixy) + Fe(X,Y)

1
ZV[X,Y] - ﬁw(X, Y)

Since P is a polarization, [X,Y] is still a vector in P and w(X,Y) = 0. This shows the
consistency of the defining equation for polarized sections.
Thus we can define the quantum Hilbert space associated to a prequantum line bundle .Z

and a polarization P by
L*(M,Z)p := {s € L*(M,Z)|sis P—polarized} .
Example 3.5.8. Consider the phase space R*™ with the following prequantum line bundle

o £ is the trivial line bundle on R?*™ with Hermitian inner product

(f.9) =1y
o The connection V is »
i
=d— -0
v h
where =" p;da’ is the Liouville 1-form. The curvature of V

i i
Fo=——df = ——
v h A

satisfies the prequantization condition.

We consider the polarization P spanned by vector fields along momentum directions

P:Span{aii}.

For any function f(x,p),

Cof i (oY, of
Vagif  Ops 719 <3pz’> /= opi

Thus f is P-polarized if and only if
f=7x)
does not depend on p. This gives the expected result for wave functions.

If we consider another polarization P’ spanned by vector fields along position directions

0
P = -5
Span { BI% }
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Since

_of i 0 _of i
vaiif T o TLH (G:BZ) f= o' hplf’

f is P'-polarized if and only if f is of the form
f = e*Pg(p).
Example 3.5.9. Consider the phase space C™ with Kdhler symplectic form
w = i00K.

Here K is a real function called the Kdhler potential. We choose the prequantum line bundle &

to be the trivial line bundle with Hermitian inner product

==

(f1, f2) = f1foe”

and compatible connection

1
=d— -0K.
V=d h(‘?

Its curvature

1 1- 1. - i

satisfies the prequantization condition.

We choose the Kihler polarization spanned by vector fields of (0,1)-type

0 0
P—Span{azl,“-,azn}.

_of
Vo l=gg

f is P-polarized if and only if f = f(z) is holomorphic. The resulting quantum Hilbert space

Since

consists of holomorphic functions f(z) such that
_EwW"
| s@pe L <o
For K = |z|?, we find precisely the Segal-Bargmann space.

Example 3.5.10. We generalize the above construction to a complex manifold M with a her-

mitian holomorphic line bundle £. Let V be the compatible connection on £ such that
VvV =vhl 4 yol where V%! = 9.

Assume the first Chern class %Fv defines a symplectic form on M.

We consider the phase space (M,w) where
w = thFy.
By construction, (£, V) defines a prequantum line bundle. We choose the polarization
P=T%""M
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spanned by vector fields of type (0,1). In local holomorphic coordinates {zi}, P is spanned by

{6(;. } Thus P-potential sections are holomorphic sections of L.
Assume M is compact. Then the space HO(M,.Z) of holomorphic sections is finite dimen-

stonal. Thus we obtain a finite dimensional quantum Hilbert space
H= H(M,.2).

Such Hilbert space can be used to describe internal degrees of freedom in a quantum system.

As an example, we consider
M =CP! = {lz’nes n (C2}.
It is covered by two holomorphic charts
zeU=C, weV=C

which are glued along C* by identifying

Zz = —.
w

We consider the holomorphic line bundle

& =0cpi(k), kez™®

k

whose transition function from U to V is w" on the intersection UNV . A holomorphic section

is given by a pair (f(2),g(w)) where
o f(2) is holomorphic on U
o g(w) is holomorphic on V
o f(2)w* =g(w) onUNV
We find f(z) can only be a polynomial of deg < k, and g(w) = f(w™')w*. Thus
H°(CP!,.#) = Spang {l,z, . ,zk}

which has dim = k + 1. It is precisely the spin k/2 representation of su(2).
We can also write down the symplectic form explicitly. In the holomorphic chart U,

dz Ndz
w=itkh————.
(1+2?)?
Example 3.5.11. We continue with our previous example but change a point of view. Let
(%, Vo) be a fized Hermitian holomorphic line bundle on the complexr manifold M whose first
Chern class gives a symplectic form .
i
= —Fy,.
W gp Vo

Let us consider the k-th tensor & = .,%@k with induced connection V from V. Then
Fy = kFy, = —i(2nk)w.
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Thus (£, V) defines a prequantum line bundle if we identify

In particular, the semi-classical limit h — 0 corresponds to k — oo.

Assume M is compact, so the quantum Hilbert space H°(M,.Z) is finite dimensional. Let
X(M, £) =) (1) dim H'(M, )
be the FEuler characteristic of . By Hirzebruch—Riemann—Roch Theorem,
(M, ) = /M ch(2) td(M)

where td(M) is the Todd class of the tangent bundle of M. In the case above where £y is a

positive line bundle, we have
HY(M, $O®k) =0 fori >0 and k sufficiently large
Thus in the k — oo limit, we have the leading behavior for £ = Zo®k

dim H(M, %) = /

eI td(M) = / ek td (M)
M M

~k" [ =k Vol, (M)
v n!
where 2n = dimg M and Vol,(M) is the Liouville volume of M. Under the identification

h= ﬁ, we find the semi-classical behavior

dim HY(M, &) ~

(27T1h)n Vol, (M).

This leads to the semi-classical intuition that the number of quantum states is approzrimately

the number of cells in phase space measured in units of h.

3.5.5 Quantum Operators

Let (M,w) be a quantizable symplectic manifold, with a chosen prequantum line bundle
(£, V) and a polarization P C T®M. Next we consider how to quantize functions f € C°°(M)
to operators on the quantum Hilbert space L?(M,.Z)p.

There is a special class of functions that are naturally quantized. These are functions that

preserve the polarization P.

Definition 3.5.12. A function f is called P-preserving if its Hamiltonian vector field V satisfies
[Vf, P] CcP

i.e., for any vector field X in P, the Lie bracket [V}, X] is still a vector field in P. The collection
of P-preserving functions will be denoted by C*°(M)p.
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Proposition 3.5.13. Let ¢ € I'(M,.Z) be a P-polarized section of £, and f € C°(M)p be a
P-preserving function. Then Q(f)v is also a P-polarized section of £ .

Proof: Recall the prequantization map

Q(f) =ihVy+f.
Let X be any vector field in P. Then

[Vx, QU] =[Vx,ihVy + ]
=ihV(xv,) + ihFo (X, Vf) + X (f)
=ihVixv,) +w(X, Vi) + X(f)
=ihVx,v,) — txtv;w + X(f)
=ihVx vy — exdf + X(f)
:ihV[ny].

By assumption, [X, V] is still a vector field in P. Thus for a P-polarized section 1,

VxQ(N)Y =[Vx, Q)Y since Vx4 =0
:ihV[X’Vf]K/J
=0 since [X, V] lies in P.

Therefore Q(f)v is also a P-polarized section. O

Thus for a P-preserving function f, we can simply quantize it to the operator Q(f) on the
quantum Hilbert space.

For functions that are not P-preserving, their quantization is more tricky. The basic idea
is that their Hamiltonian flows will change the polarization, hence will change a P-polarized
state to a state that is polarized with a different polarization. Then one can construct a
map relating quantum Hilbert spaces associated to different polarizations. This is the idea of

Blattner-Kostant-Sternberg (BKS) kernel construction. We will not go into further details here.

Example 3.5.14. Consider the phase space

R2", w= Z dp; A dzt
i
with prequantum line bundle

i %
V=d-39, Gzzi:pidx

P:Span{aii}.

Consider a function f(x,p) whose Hamiltonian vector field is

0 0
Vi = Z (8xifﬁpi - apif@ﬁ) .

7

and polarization
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From

0 0 0
V] = S 0n00) = 3 0000

7 .
K3 3

we see that Vy preserves P if and only if
Op, Op, f =0, Vi, k.

Thus C*®(R?*")p = {a(x) +> bi(x)pz} consists of functions at most linear in p;. Such a
function f = a(x) + > bj(X)p; is quantized to

Q) =in (Vs - 1670 + f = —m;bxx)a‘; +ax)
as an operator acting on wave functions 1 = (x).
Example 3.5.15. Consider the phase space
c", w = i00K

where K is the Kdhler potential. We choose the prequantum line bundle £ to be the trivial line

bundle with Hermitian inner product by

=[x

(f1, f2) = f1foe”

and compatible connection by

1
=d— -0K.
v h
Its curvature
Po = —2d(0K) = — 280K = LooKk = — L
VTTh I e

satisfies the prequantization condition. We choose the Kdihler polarization

0
pP= —
Span{azz}

so polarized sections of £ are holomorphic functions.

Let us write the Kahler form as
w = Zgjmdzj Adz™
7,m
where gjm = 10;0mK. Let g™ denote the inverse matriz of gjm, i.e.,
> gimg™ = 6.
m
Let f be a function on C™. Its Hamiltonian vector field is given by
_ ) . )
_ j Yy,
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_ 0 0 g
where O = 52w and 0; = 5.7+ vince

0 o, — o
[Mavf] = Z 5 (9 Jamf) E modulo P

J,m
we see that f is P-preserving if and only if
0 ——
| gmi — i i,

Now we specialize to the case when
K = |z)?, Gjm = 10jm.

Then the condition for P-preserving becomes

g 0 .
oozl T

i.e., f is at most linear in Z'’s. If we further require real condition, then the only real P-

preserving functions are of the form
f=a+bp" +b7" + ck,;zkéj,

where a € R, by, ¢;5 € C and Cyj = Cjg- The Hamiltonian vector of f is
. 0 0
Vi = —sz: <8Efc9zk _akfafk’> :
Thus f is quantized to
i 1
Q) =in (v; - o)) + f
0 5 0
D et = L gl
_ N
k
—at Y b+ n Y (Bt o) o
k k
as an operator acting on holomorphic functions.

This makes holomorphic representation particularly useful for quantization of quadratic

Hamiltonians. For example, consider one-dimensional Harmonic oscillator with Hamiltonian
12
H = |z| on C.

The above Kéhler polarization quantizes .57 to the operator

0
Q) = hz&

on the Segal-Bargmann space. Note that
Q)" = nhz",
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thus eigenvalues of Q () are non-negative integers in unit of h. However, this is not the correct
spectrum: the Maslov correction is missing.

This is the same problem that we have encountered in our discussion on semi-classical
quantization. The way out is to modify our quantum Hilbert space by including half-densities.
In the Kéhler quantization, this modification amounts to define a quantum state i to be a
section of .Z ® v/K); where K is the canonical line bundle and /K is a square root of it.

In the Harmonic oscillator example above, this modification amounts to change the state
2" — Z2"Vdz

which will then have the correct eigenvalue (n + ) i under Q() = hz%.

3.6 Path Integral in Phase Space

Classical Hamiltonian mechanics is captured by the following action in the phase space
5= [ g — a0 = [ (00 - # 601,00 .
Here {p;(t),q'(t)} represents a path of classical particle in the phase space and t is the time
variable. Classical trajectories are extremals of this action and can be obtained via functional
variation (with fixed boundary values of ¢*)

oA (o oA,
55—/[51%6./ + i, (84") <5p¢ opi + o &Jﬂdt

Z/(épiq —Didg" — 5~ 0p; — ai5q>dt
Di q

:/ q'i— o4 opi — | pi + 8% 5qi dt.
Opi oq'

Requiring the extremal condition §.5 = 0, we obtain the Hamilton’s equations

Y
q_api

.o
Pi——aqi

Quantum mechanically, transition amplitudes and correlation functions are captured by

the form of path integral
/[Dqu] er30.
In this section, we will discuss perturbative approach to such path integral in the asymptotic
h — 0 limit in terms of Feynman’s combinatorial formula of graph expansion.
3.6.1 Wick’s Theorem

Gaussian Integral

We start with the finite dimensional situation. Let

Qx) = Z Qijxixj

1,j=1
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be a positive definite quadratic form, i.e., the matrix (Q;;) is positive definite. Consider the
following volume form on R"
o daxt
Q=/detQ #Q@ >0
zl_[l 27Th
2

1

By the Gaussian integral [, dze™ 2% = /2m, it is easy to find

[ o=t

Thus €2 defines a probability density on R".

Consider for simplicity a polynomial function f(z) € R[z?]. Define the following expectation

value with respect to the probability density €2

_ e (@) .
), == = [ ase)

The subscript « indicates the integration variable. This expectation value defines a map
(=), :Rz'] — R.
To compute this expectation map, let us consider the auxiliary integral

Z[J] = <ezw>m J=(J1, )

bodrt —Q@)+X el
=4/ det / i
@ n 21;11 V2mh
Completing the Square we find
h
ZJ:J = (2 —hz LA 2@*1(J).
Here (Q~1)¥ is the inverse matrix of Q;
> Q@YY =5
k

and Q~!(J) is the quadratic expression

Thus
Z[J] = 3@ / Q= s,

Now for a polynomial f(x), Taylor series expansion at = = 0 gives

Sl 2
fl@)=e7 " f(a)

Using this formula, we find

where Q! (%) = Z(Q‘l)’j 8?# % is a second-order differential operator.
z?]
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Wick’s Theorem

The obtained formula

ho-1(9
(@), = e3¢ (5 f(a)
a=0
has a combinatorial interpretation as follows. Let
il,ig,"' ,igm S {1,2,"' ,TL}

be 2m indices. We consider the monomial z%1z% - - - 2?2m of degree 2m obtained from the index

set. Let us compute its expectation from the above formula:

m
il ... plem) — 3@ (%)allaw .. glem T |z —lyig _~_~ alg® ... glam
< >I a=0 m! |2 zZ]:(Q ) da* dal
(*)
To compute this value, let
P(2m) = set of partitions of {1,2,---,2m} into unordered m pairs.

An element o € P(2m) can be described by a permutation o € Sa, such that
o(l)<o(2), o(3)<o(4), -+, o@2m—-1)<o(2m)

and
o(l)<o@B)<---<o(2m—3) <o(2m—1).

Then we identify this permutation

1 2 3 .- 2m —1 2m
o(l) o(2) o3) -+ o2m—1) o(2m)

with an element of P(2m) by pairing

o(1)o(2) o(3)o(4) e o(2m —1)o(2m)
i i air

In the above formula (*), it is computed to become the following sum

<xi1xi2 . _xi2m>m —pm Z (Q—l)a(l)o(Q)(Q—1)0(3)0(4) . (Q—I)U(Qm—l)a(Qm) i
oc€P(2m)

This is called the Wick’s Theorem.

We can also draw each sum as
A1 19 13 e 19m—1 19m

S~ NN S
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For each edge connecting i and j, we assign the factor H(Q~1)¥ to it.
Example 3.6.1 (Two-point function). The two-point function

i3\ _ —1yij
is given by the inverse matriz of Q. (Q~1)¥ is also called the “propagator’.

i J

NS

Example 3.6.2. The following four-point function is computed by

. Al A R
<mmﬂx%ﬁ> —ijkl + ikl + ijkl

=2 [(QHY (@O + (@ @)+ (@M@,
We can also add “background” by considering the shift x — x + a

(f(ac—i—a))m:/ Qf(z + a)

n

which is now a function of a. A similar argument shows

(f(z+a)),=e

If f(x) =222 . 2% then Wick’s Theorem in this case is a sum over partial pairings
i1 02 i3 A k-1 Uk

We assign the propagator to the paired indices and assign a’ to unpaired index i.

Example 3.6.3. Let f(x) = x'a/zFz!. Then

M — — (o — M m I mmil ]
<f(.r + a))x =ijkl 4+ ijkl + ijkl + ijkl 4+ ikl + ijkl + ijkl 4+ ikl + ijkl + ijkl

—diddakal + R [(Q—l)ijakal n (Q—l)ikajal i (Q—l)z‘lajak
+ (Q—l)jkaial + (Q—l)jlaiakz + (Q—l)klaiaj

+ 7:1,2 [(Qfl)ij(Qfl)kl + (Qfl)ik(Qfl)jl + (Qfl)il(Qfl)jk .
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3.6.2 Feynman Graph Expansion

Now we consider integrals of the form

1
Vdet Q —75(z)
¢ / . \/277

where \
S(@) = Q) — 3 1().

Here Q(z) = Z Qijx’ ‘27 is a positive quadratic as before, and
7]
x) = Zlijkxixjxk
i7j7k
is a cubic polynomial, called the “interaction”. The constants I;;;, parametrize the cubics. The
constant A is called the “coupling constant”

Since the cubic approaches both +0co and grows faster than quadratic, the above integral

is simply “divergent”. There are essentially two ways out to make sense of it:
@ Complexify z’ to complex variables z* and change the integration contour
R*cC" = rccr

to some other contour I' such that the integration becomes convergent. “Airy integral” is

such an example. This method is usually referred to as the non-perturbative method.

@ Treat )\ as a perturbative parameter and compute the asymptotic series. This method is

usually referred to as the perturbative method.

We will focus on the perturbative method @) here. Let us rewrite

n 7l5(x)w o« %I(x)w o« L I(z) 9
“y/det Q / | TT{' = RnQeBﬁ = < 3 >$ .

n .
Here Q = /det @ [] \/d%e—ﬁQ(x) is the probability density as before. Now we can redefine
i=1 VT

the above divergent integral as a power series by

o \m 1 m
2 (a1 )
Here each term <(%I (x))m>z has a well-defined value which can be computed by Wick’s The-
orem. This will lead to a combinatorial graph formula for this power series.
Definition 3.6.4. By a graph -y, we refer to the following data
o V() = set of vertices

o HE(T') = set of half-edges
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e ir: HE(I') — V(v) incidence map

o E(T'): a perfect matching on HE(T") into pairs of two elements. Each pair is called an
“edgeﬂ.

o For each v e V(I'), # {zfl(v)} is called the valency of v.

Example 3.6.5. Consider the following © graph

~

Here V ={1,2}, HE = {a,b,c,d’, V., '}, E ={(a,d’), (b,V),(c,d)}. The incidence map is
ir: HE —V
{a,b,c} —1
{d'b,c} — 2
Both vertex 1 and 2 have valency 3.

Definition 3.6.6. A graph isomorphism between two graphs I and I" is a pair of bijections
oy V() — V()
ogp :HE() — HE(I)
which are compatible with incident maps (the following diagram commutes)

HE() 222, HE(I")

lir lii“

V() —Y— V(I)
and compatible with edges: for any a,b € HE(T),
(a,b) € E(T) = (cge(a),ogr(b)) € ET).
An automorphism of I' is an isomorphism ¢ : I' — I'. Denote
Aut(I') = Group of automorphisms of I'.

Example 3.6.7. Consider

~

Here HE = {a,b,c,d’, V', '}, V. ={1,2}, E = {(a,d), (b,V),(¢,)}. The incidence map is

as above. Here are two examples of automorphisms of I’
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D oy:(1,2) —(2,1)

OHE - (CL, ba ¢, alab/7cl) — (a/7blac/aa7 bv C)

@ oy :(1,2) —(1,2)

OHE - (a) ba ¢, a,ab/7cl) — (ba ¢, a, blac/aa/)

Similarly, we find Aut(I') = Zo x S3. Here, Zy corresponds to permutation of the two vertices,

and S correponds to permutation of the three edges.

Example 3.6.8. Consider

We ﬁ’ﬂd Aut(F) = Z2 X ZQ X ZQ.

Now let us consider the computation of

Each I(x) gives a vertex with 3 half-edges

11 19 im,
Ji ky Jo ko '

Im km
Vertex set V={12---,m}
Half'edge set HE = {ilajla kh i2aj2> k2a y T 7im7jm7 kma }
Incidence map i:{is,js, ks} — {s}
By Wick’s Theorem, (I(x)™), is a sum over perfect matching F
(I(x)™), =Y AFTlop, .
Eey

Here Y = {perfect matchings of HE} and I'g is the graph by assigning the pairing E to the
vertex set V' and the half-edge set HE.

For each graph I', wr is the number by assigning

)
@D each vertex J k — Liji,

@ each edge © —— J = Q1w



@ sum over indices

Example 3.6.9. Consider

wr = Y DT Q)12 (Q QR
ilm]:lykl

i2,j2,k2

It is clear that
wr = wrr if ' is isomorphic to I”.
All graphs here are trivalent (valency 3 for each vertex). The set of bijections

oy :V—V

O'HE:HE—>HE

that preserve the incidence map is

G = S X (S3)™
—~—~

permuting vertices  permuting half-edges

We have a natural G-action on Y with orbits
Y /G = {isomorphic class of trivalent graphs consisting of m-vertices} .

Thus

ey oL Gl e
mians 1@ =1 FGZY:/G ()"

-y e
| Aut(I')]|

I': trivalent graph
with m vertices

We can also refine this formula by grouping disconnected graphs into connected isomorphic

ones. This leads to the following Feynman graph expansion formula (details left to the reader).

Proposition 3.6.10 (Feynman Graph Expansion Formula). We have the following combinato-

rial graph expansion formula for the asymptotic power series

<eﬁm)>m = mij:o % < (;I(x)>m>x

— |[EM)|—V@) V(D) __ ¥
2 h A R

I': trivalent

_ E AVOIUr)—1__ YT
o [Aut(D)]
I': connected
trivalent
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Here for a connected graph T,
IT) = [E@)| = [VI)|+1=1-x()

is called the loop number of T'.

IT)=3-2+1=2 IT)=6—-4+1=3

In general, if the interaction contains terms of all possible degrees

A3 Aq Am
gfs(x) + 114(35) toee mfm(fﬁ) +-

then the series expension will have all possible graphs, where each vertex of valency m is

associated the value I,,, similarly. The general Feynman graph expansion formula reads

ri( Z>:3 21’%%(9:)) asymptotic Z H A‘V ] hl(l_‘)fl wr
e m= —————— eX m
’ " [Aut(D)]
T I': connected \ m>3
graph

where V,,(I") is the set of vertices with valency m.

3.6.3 Weyl Quantization Revisited

Let us apply the combinatorial formula of Feynman graph to the quantum mechanical
situation. The relevant space consists of paths on the phase space parametrized by the time.
For simplicity, we consider the phase space R?. The discussion generalizes easily to R?".

We use v(t) = (X(¢),P(t)) to represent a particle trajectory on the phase space R%. Thus
v can be viewed as a map

v:R — R?
t— (X(2), P(t))
Let us denote
€ = Map(R, R?)

The action S can be viewed as a function on € (with a suitable domain which is not relevant
in our current discussion)
S:&—R

Sh] = / (IP’X - %) dt
We are interested in the following expectation

Je[DA] exSD10)]
fe [DA] erSh]

(0), =
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where O is some appropriate function on € and is called an observable. Let us first consider the

free case without Hamiltonian J7, i.e.,

St = Soln] = / PX dt.

As we will see, the zero Hamiltonian case has a topological nature.

The above integration is on the infinite-dimensional path space €, thus not well-defined
in the first space. In Chapter 2, we have treated path integral as a limit of finite dimensional
appproximation. When time is imaginary, this is related to Wienner measure integration.

In this section, we use an alternate perturbative approach. It turns out that we can borrow
the finite dimensional result and design the parallel combinatorial formula into the infinite-
dimensional setting. Let us see how this works in practice.

Let us first compare the finite-dimensional with the infinite-dimensional setting.

Finite Dim Infinite Dim
space R™ & = Map(R, R?)
variable ! v(t)
index i€{1,2,---,n} teR
sum > Jg dt
i
action | Q(z) = 3. Qijz'al | Soly] = [PXdt
i’j
density e~ 2w Q@) erSob]

In the finite-dimensional case, the two point function
ig\ —1yij

plays the fundamental role as building block in computing general expectation values. It is
called the “propagator” and is given by the inverse matrix of the quadratic pairing Q.

The infinite-dimensional situation looks exactly the same. The free action

So[y] = / PX dt

is quadratic in v = (X,P). Let us write (ignore the boundary behavior so far)

Sol] :% / (PX—XI’P) dt
4
:;/[X ]P’} s dt idt

Thus

e S0l = exp <_21h (1/ [X(t) P(t)} [2 _Ogt

dt

Comparing with the finite-dimensional situation

— 55 2 Qujatal
e s
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the analogue of the inverse matrix Q! is

-1
v d
=z 0

In analysis, the inverse of a differential operator is usually represented by an integral kernel
called the Green’s function. The Green’s function of % is a function G(t1,t2) satisfying
iG(tl,tQ) =d(t1 — ta).

oty
Here 6(t; — t2) can be viewed as the infinite-dimensional analogue of §;;.

In terms of G(t1,t2), we have

0 —z- 0 Gt t2)| _ [0(t1 —t2) 0
2= 0 | |-G(t,t2) 0 0 5(t1 —to)

The right hand side can be viewed as the (t1, t2)-entry of the infinite-dimensional identity matrix.
Thus the (1,t2)-entry of the above inverse can be written as

1

-
4
dt t1,to

Then we could “define” the two-point functions in terms of this inverse by

0 iG(t, t2)
—iG(ty,t2) 0 '

(X(t1)P(t2)), = ihG(t1,t2)
(P(t1)X(t2)), = —ihG(t1,t2)
(X(t1)X(t2)),, = (P(t1)P(t2)), = 0
We are left to solve G(t1,t2). The above expression asks for G(t1,¢2) such that

G(t1,t2) = —G(ta, 1)

Such Green’s function of % is explicitly given by

L t1 >t
) 2 1 2
G(tlth) = §Sgn(t1 - t2) =40 t1 =19
1
— 1 <t
2 1 2
G
1 A
2 (/
L
t1 — to
Q-3
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In fact, for any compactly supported test function f(¢)

[ anrw) -5 [T an ) = 35 - 5 () = )

1
— [ dty G(t, ) f'(t1) = =
/R Gl = [ ) ! !

2

So

0
a—th(tl,tg) = 0(t1 — t2)

holds as a distributional equation.

In summary, we are interested in the following two-point function

, J D] en DX (81)P(t2)

(X(t1)P(t2)),, “ = [[DA] ex oD

Although we do not know a prior the precise information about the path integral measure, we

can still derive a reasonable result in comparison with the finite dimensional Gaussian integral
. th
<X(t1)P(t2)>,y = ZhG(tl, t2) = 5 sgn(t1 — tz).

In the following, we use this formula to define our two-point function.
Note that this two-point function, or the propagator, does not depend on the precise value

of t1,t9, but only on the relative position

L

2 1 2

<X(t1)]P)(t2)>7 =190 t1 =to
ih

—5 t1 < to

This indicates a topological nature of this model, which is indeed the case.

Now let f(z,p) and g(z,p) be two polynomials . We plot them on the time line as

g f
® ®
t1 to t

We define a new function on the phase space by the following correlation

(f(z +X(t2), p + P(t2))g(z + X(t1), p + P(t1))),, -

Here we perturb the variables x, p by quantum fluctuations X(¢), P(¢) at time ¢; for g and at time
to for f. Equivalently, we can treat x and p as “background” shift. This correlation function
depends on the background variable {x,p} and defines a function on the phase space.

Let us apply Wick’s Theorem to compute this correlation. We represent each f and g as a

vertex whose valency is the polynomial degree
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Then Wick’s Theorem says

(f(z +X(t2),p + P(t2))g(x + X(t1), p + P(t1))).,

Z,p z,p
:Z T, p
op f 9 z,p

Here for each unpaired half-edge, we assign x or p as in the original vertex. For paired half-edges

X(t2) P(t1)

= <X(t2)P(t1)>7 = %h
/ g
P(t2) X(t1)

- (P(t2)X(t1)), = —%h
f g

For a graph with m propagators, there will be an automorphism group S,, by permuting

the edges, contributing in the Feynman graph expansion. Thus we find

1
m!

which is precisely the Moyal product.
We can think about

g f
° °
t1 to t

as inserting an operator g at time 1, and then inserting another operator f at a later time ts.
The total effect is the composition of two operators, which is represented quantum mechanically
by the Moyal product f x*z g.

This picture also gives a simple explanation of the associativity of the Moyal product .

Given three functions f, g, h, we insert them in time order

h g f
® ® ®
t to t3 t

Consider the correlation

(f(z +X(t3), p + P(t3))g(z + X(t2), p + P(t2)) 2z + X(t1), p + P(t1))) , -
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This value is invariant under local deformations of the time positions and only the order is

relevant. By our previous computation

(f *n g)xph = lim lim (f(x + X(t3),p + P(t3))g(x + X(t2), p + P(t2))h(z + X(t1), p + P(t1)))

t1—ty tg—ty 7

frn(gn h) = Tim lim (f(z 4+ X(t3), p + P(t3))g(z + X(t2), p + P(t2))h(z + X(£1), p + P(t1)))

ta—td t1—ty 7

The topological nature of the above correlation implies
(f*n g) *nh = f *n (g*n h).
3.6.4 S'-Correlation
Let us now introduce topology and put our quantum mechanical model on S*
v(0) = (X'(0),P;(9)) : S* — R*".
Here 6 € S! is the angle variable and we identify

0~0+1

RQn

Sl

Sl-Propagator

We consider the free action as before

Sol] = /S BOX (), K0 =D

We use Feynman graph expansion to define correlation function in this model. The propagator
is given by the two-point function

Sl
(XH(01)P;(02)) = ihG(r,0)0
¥
where G(61,03) is the Green’s function representing the integral kernel of the operator “ (d%) b

On S!, we have a Fourier basis of functions

{e2mn0} )
neZ

The §-function can be represented by

5(01,09) =Y *rin(@-00),

nez
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Note that for n = 0, the constant function “1” can not be inverted by “ d g - This is called
the zero mode, which is related to the nontrivial harmonics on S!. Let
5(91, bo) = Z e2min(02—01)
nezZ\{0}
where we have deleted the zero mode. The Green’s function G(61, 62) solves

P -
a—elG(Gl,Qg) = 0(01,062)

= G0,00)= )

neZ\{0}

L 2min(f2—01) — a(fy — 0
27m8 9(62 )

where g(6) is the following function on S*
_ L 2mwind
nez\{0}

Proposition 3.6.11. Viewed as a periodic function on R with g(6 + 1) = g(0), the value of
g(0) on [0,1) is

0 =0
g(0) = 1
0—- 0<0<1
2
Here we impose g(0) = 0 to ensure g(—0) = —g(0).

9

A
VAR,

Proof: Let g(#) be the periodic function as above. We can compute its Fourier expansion

1 ‘ 1
/e—2m"" (9) dd  (forn#0)
0 2

i : AV
— 6—2mn9 <9 . )
2mn 2

1
_/ 6—27sz9d9
0 0

For n = 0, we have fol (0 —3) df = 0. Thus

1 _ i 2mind
60— 5 == Z 76 N 0< 0 <1
as expected. O
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We can also check the distributional equation

D) ~
—G(01,02) = 5(01,02) = 06(61,62) — 1
001

directly. For any smooth test function f(#) on S?,

02

— [ G(01,02)f'(61) dOr = —/ 9(02 — 61) f'(61) do:
1 621

_ / (92 _ - 2) £(6,) dby
fo—1
1 92 92
=— (92—91—2> f(61)

- f(61) doy
=10~ [ f0)as

0a—1 02—1

-/ ' (0(601,0) — 1) £(61) oy

as expected.
Thus we have found the two-point function
Sl

<x1~c(91)19>j(92)>7 — ihG(61,05)8" = ihg(0s — 01)5%.

Note that in the limit 8; — 69

st ih
lim {(X*(0,)P;(0 =gk
HQ< (61)P5( 2>>7 >0

st ih

Thus when 6; and 65 are close to each other, this two-point function becomes the two point

function on R. This is expected as the local geometry on S is precisely R.

Sl-Correlation

Let A = R[2%, p;] denote the ring of polynomial functions on the phase space. Recall we

have a natural multiplication map

ARAR--- @A — A
fo®@ i@ ® fm+— fofi fm

As an application of the S'-quantum mechanical model, we construct a version of quantization

(fo® fi®--® fm)g of the above multiplication map such that
(fo® fi®@ @ fm)g1 = fofr fim + O(R).
Let
Cycm+1(51) = {(90, 01, - ,0m) € (SH™ 160,61, ,6,, are distinct in clockwise cyclic order} )
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01

Using rotation invariance, we have

/ d90d91--~d«9m:/ diy - dly, = —.
CyCpm11(Sh) 1261>+->0,,>0 m:

Definition 3.6.12. Let f; € A. We define their S'-correlation

(fo® [1® @ fm)g € A[R]

(fo® 1 ®  ® fm)g1 (X,D)

=m! / dodby - - - b (fo(x + X(60), p +P(6p)) - - - fn(x + X(0), P + P(Qm)»fl :
CyCm+1(Sl)

Here the correlation <—>Sl is defined via Wick’s Theorem and Feynman graphs. Explicitly,

~

(fo(x +X(60),p +P(60)) - fon (X + X(G1), P + P(6)))5"

ih > G0:.9) 8B
=€ 4,j=0 0 op J fO (X(O)7p(0)) o .. fm (X(m), p(m)) X(O)_.”_x("l)_x'
p(O)—...—p(m)—p
It is clear that
lim (fo® f1®- @ f)gs = fofi- --fmm!/ d80d6y -+ by = fofs -+ fim
h—0 CyCm+1(Sl)

which corresponds to the term without propagators. Since f;’s are polynomials, only finite

number of propagators can appear. Thus

ADA® - @A 5 Al
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Example 3.6.13. Given two polynomials fo, f1 € A =R]

z,pl,
<h®Mg=/

— = - 5
dBoddy fo(x, p)e G000 5s 55 +iRG(01.00) 5 57
Cycy(Sh)

1 iha(0 EE_EE
- [ a0 foape (s 35%) fy0,p)
1 ino-1/2)( 2225
5ﬁwhm@e‘/4%%%%%mw>
(%)
[ a0 s fila.p)
2
98 9o\
_mO . o(w, )<6x8p (3?19895) fi(z,p)
oo - = — =\ 2m
3 (ih)>™ 20 990

amt )2 )P 58,
m:O

For example,

(r®@p)s =zp

2
(2 ®p2>sl — 22 — h

6
Example 3.6.14.

We use Wick’s Theorem to compute

( & rp X p) —x2p2 + 2! / d90d(91d92 ih (G(@o, (91) + G(@l, (92) + G(Qo, (92))
Cycs(S1)

+ 2! / dfodbdf (ih)>G (0o, 61)G (61, 02)
Cycs(S1)

—2°p” + 2zp(ih) / db1db> (G(1,01) + G(01,02) + G(1,02))
1>61>62>0

(ih)? / df1dhy G(1,601)G(61,65)
12601>62>0

—ty? - 2(imyen [ 16,d0, [(9 _ 1) <(91 ) - 1) . <92 _ 1)}

1201>05>0 2 2

+ 2(ih)2/ df1d0, <91 - 1) <1 — (6, — 92))
1>61>62>0 2)\2

ih
:x2p2 + Emp

3.6.5 Hochschild Homology

As an application of the S'-correlation function (Definition 3.6.12), we explain how the
geometry of S! is related to the notion of Hochschild homology and present an explicit con-
struction of a quantum version of the Hochschild-Kostant-Rosenberg (HKR) map. We will apply

this quantum HKR map to construction trace map in deformation quantization in Section 4.4
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Hochschild Homology
Let A be an associative algebra over a base field k. We can define a chain complex
B o) B o, A) S B aia) B c(a)

where
Cp(A) = A®PTL here ® = ®y.

The map b is defined by

b(a0®a1®...®ap) :a0a1®a2®--.®ap_a0®a1a2®...®ap
_|_..._|_(_1)p_1a0®a1®~-®ap_1ap—i—(—1)papao®a1®"‘®ap—l-

b — S+ a

Check: b? = 0.
b (ap® a1 ® - @ ay)

=b(apa1 ®az ®@ - Qap —ap R a1az @ -+ Qa,+---)
:(aoal)a2®...®ap_a0(a1a2)®...®ap:|:...
=0 by associativity.

The chain complex (Co(A),b) is called the Hochschild chain complex and
HH,(A) := Ho(Co(A),b)
is called the Hochschild homology.

Example 3.6.15.
Co(A) — C1(A) -2 Co(A)

ap @ a1 — apga] — a1ao

So HHy(A) = A/[A, A] is the abelianization.

Theorem 3.6.16 (Hochschild-Kostant-Rosenberg (HKR)). Let A = k[y'] be a polynomial ring
and Q% = k[y', dy'] be the algebraic differential forms. Then

HH,(A) = Q.
Remark 3.6.17. HKR theorem says that on the standard commutative space k™
HH, = Differential forms.
In general for an associative but non-commutative algebra A, we can view
HH, = Non-commutative differential forms

which is a basic algebraic tool for doing calculus in the noncommutative world.
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The HKR isomorphism is realized by
p:Ce(A) — QY
fo®@ fi @ fo— fodfi Ndfa A+ A df,
Check: p(b(—)) = 0.
p(b(fo® fL @@ fp))
=p(fof1i® @ Qf—fo@fife® - @ frEx--)
=fofidfa N Ndfy — fod(fif2) Ndfs A=+ Ndfyp £+
+ (=1 fodft A Ad(fp-rfp) + (=P fpfodfi A+ Adfypa

=0.

Thus p defines a map of chain complexes

p:(Ce(A),b) — (2%,0).

A more precise description of HKR is that the HKR map p is a quasi-isomorphism, which

induces an isomorphism by passing to homology

p: HH,(A) = Q.

Quantum HKR

Let A = Clx', p;] be the ring of polynomial functions on the phase space R?". We have a

canonical quantization of A to the associative Weyl algebra
AR = (A[R], %)

where * is the Moyal product. We will describe a quantum version p” of the HKR map p that
intertwines the Hochschild chain complex Cy(A") of the Weyl algebra A”.
Let fo, fi,--- , fm € A. Recall we have the S!'-correlation as in Definition 3.6.12

(fo® fi® - ® fm)g € A[R].
To simplify notations, let us denote
0f(0) := f(x+X(8),p + P(F)), 6c st
By construction

o i@ f)ss =mi | A0 - A (01,(00)0 5, (01) -+ O, ()
CyCm+1(Sl)

Given f, its total differential is

df = Z <gj;dxl + g}idpi> .

We denote
Oar(0) == (Oaxifw)dx" + Oapif(Q)dpi) :

i
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Definition 3.6.18. We define the quantum HKR map
pt AFTHL s QR

1
Pfo@ L@ & fm)i= /C ) dBodo - - - dBm (O, (60) Oap, (61) - - O, (Bim))S
YCm+41

This can be formally written as

Pfo@fLi® @ fm) = — (fo@dfi ® @ dfm)n

1
m!
Using Wick’s Theorem, we have the explicit formula

Pfo@ i@ @ fm)

ih 3 G6:,0;) 2 —2
:/ Aoty -+ di e =0 £y (0 p Oy (x D, pM) - (x), p™)
Cy0m+1(51)

x(0) —.mx(m) —x
p(©)—...op(m)—p

We next explore algebraic structures of p. Let us consider the following integral

0
Lo oty et { e 05,0005, (61) - Our (6,5
Cycm+1(sl) 1

- 8892 (013 (60) O, (61)0,(62) - Oug, (Bm)
+(—1)m_1agm (O10(60)Oup, (61) -+ odfm_lwm—ﬁofm(@m”il} W

We compute (1) in two ways. The first is to compute | dfj a%k(—) as a total derivative.

Due to the cyclic ordering

Or—1

Ok

Or41
we have 5 - 5 b
J g = [ g o= L

From Wick’s Theorem and the property of S!'-propagator, we find the limit behavior

lim (O (01)0g(08) )5 = (- Opug(Bhmr) )5

O—0,_, v v
. 1 1
lim (- O (01)0(Br1) )5 = - Opug(Bhgn) )
0k—>0k+1
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Therefore computing (1) in terms of total derivative leads to

(mll)! (for L@ ® - ® dfm) g _M<f0®f1*df2®-~®dfm>sl
g 0O A @& @ g + oy O AR for @ @ i
L
+(—1)m—1(ml_1)! o @dh @@ dfpr » fu)gs = ()" ! 1 o fo© @ @ dfm)
By the Moyal product formula, we have
d(f=g) =df xg+ f=dg.
Here

df x g = Z(azif*g) da’ + (3, f * g) dp;
frdg= Z (f * Opig) da’ + (f  Op,g) dp;

Thus (f) becomes

m<fo*f1®df2®'“®dfm>sl
—ml_l)!(fo®d(f1*f2)®-"®dfm>sl

.

N (_1)m_1(m11)! (fo®dft @+ @ d(fmn1 * fm)) 1
+(- )m(mil)! o+ fo @ df @+ ® dfm_1) g1

=" b(fo@ L@ ® fin))-

Here b is the Hochschild differential with respect to the Moyal product.

The second way to approach (f) is to compute a%k (- >‘jl explicitly. Observe
iG(9 ;) = —1——16'(0-0) for 6; # 6
90, k> = = a0, 75Uk or vy k-
Thus
a Sl
20, <Ofo(90)odf1(91) *Odfy_y (Or—1)0 1, (Ok) - Oay,,, (Om))
S
—”LZ o <Ofo 00)Oar, (61) - (f)dfm(9k—1)(9apifk(6’16)--~Odfm(6’m)>V

Sl
—mE: <of0 (60)Oap, (61) - - odfk_l(ek_l)oaifk(ek)---odfm(em» .
* v

Introduce the following operator

m m— 0 0
A QY — QY L AZZ(@xiLapi_(‘)mLa“)'

i

204



Let w™l =Y a?ci A 8%, be the Poisson bi-vector. Then A is geometrically the Lie derivative
Z. 7
A=YZ,1.

It is clear that A? = 0. A is the prototype of Batalin—Vilkovisky (BV) operator in quantum

gauge theory. Then the above computation leads to
(1) =B (fo@ 1@+ ® fm).
Comparing the two computations, we find
p"(b(=)) = ihA(P"(-)).

where b is the Hochschild differential with respect to the Moyal product.
We can extend p" h-linearly to

P Co(A") — Q5 (1]
Then the above calculation shows that o” is a morphism of chain complexes
o5 (CalAT),B) — (O[], iRA).

Thus p” provides a quantization of p.

Remark 3.6.19. We can further localize h and denote
AP = AP @iy k[, Y.
The quantum HKR map p” is naturally extended to
Pl (Co(AM)), b) — (% [h, h7Y],iRA).

Both the Hochschild homology of A and the homology of (%[, h™!],ihA) are concentrated
in degree 2n. Passing to homology, p™ gives precisely the Feigin-Felder-Shoikhet trace formula
[20] on H Hap, (AM),
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Chapter 4 Deformation Quantization

In this chapter, we discuss the algebraic theory of deformation quantization which deals
with the operator of quantum observables as a formal deformation of classical observables. The
study of deformation quantization originated from the seminal work by Bayen-Flato-Fronsdal-
Lichnerowicz-Sternheimer [3] in 1978. In this theory, the Planck’s constant h is treated as a
formal variable parametrizing a family of quantum algebras. One remarkable feature is that
deformation quantization exists on any Poisson manifold according to a theorem by Kontsevich

[34]. This greatly extends the scope of quantization beyond ordinary phase spaces.

4.1 Deformation Quantization

4.1.1 Formal Deformations

We fix a base field, the choice of which in specific case should be clear from the context.

Definition 4.1.1. Let V be a vector space. We use V[[A]] to denote formal power series in A
a; € V}

aiGV,NEZ}.

with coefficients in V
V[[A]] := {Z ai\!
i=0

and use V((\)) to denote formal Laurent series

V((N) == {Z ai\’

=N

When V = R is a ring, both R[[A]] and R((\)) inherit well-defined ring structure by
(D an) () =S| X ey | X
ko \itj=k

Definition 4.1.2. Let (A, -) be an associative algebra. A formal deformation of A is an asso-

ciative product * on A[[\]] such that

@D = is A-bilinear
(f(AN)a) xb=ax(f(A)b) = f(A)(axD)

for any a,b € A[[\]] and formal power series f(\).
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@ For any a,b € A,

a*b:a-b—f—Z)\kuk(a,b)
k=1

where a - b is the product in A and uy : A x A — A are bilinear maps.

Condition (D on A-linearity implies that * is completely captured by {ux} in Condition @).

We can view * as defining a family of associative products parametrized by A such that
lima*xb=ua-b.
A—0

Thus * becomes a formal deformation of the associative product -. It is called formal deformation
because we only consider formal power series in A and ignore analytic properties (the analytic

property is in fact interesting and important, but irrelevant in the current discussion).

Example 4.1.3. Consider the ring C*°(R?") of smooth functions on the phase space R*®. Then
the Moyal product

defines a formal deformation of C*°(R?*"). Here

[ — - — -
it =5 (3) 7|12 s~ oo

2 ox' Op;  Op; Oz’

Example 4.1.4. The above example extends to the formal power series ring R[[x%,p;]]. The

same formula via Moyal product

>

— = — =
> 9 98 9 9
7 ozt Op;  Op; Hzt

fe
defines a formal deformation of R[[z%, p;]].

The requirement of associativity of * gives a set of constraints on the bilinear maps {}

For example at first-order in A

(axb)xc—ax(bxc)
=(a- b+ pi(a,b)N) xc—ax (b-c+ pi(b,c)\) + O(N\?)
=(a-b)-¢) + A(u(a-b,e) + pa(a,b) - ¢) —a- (b-¢) = A (a,b-¢) +a- p1(b,¢)) + O(X?)
=A(p1(a-b,c) + pa(a,b) - c = pa(a,b-c) —a- pa(b,c)) + O(N?).

Here in the last step we have used the associativity of the undeformed product -. Thus p; has

to satisfy the following equation
a-pi(bye)—pi(a-b,c)+ pi(a,b-c)— pi(a,b)-c=0.

We remark that this is in fact a cocycle condition in Hochschild cohomology.
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4.1.2 Poisson Algebra as Classical Limit

Definition 4.1.5. A Poisson algebra is a commutative algebra P with a bilinear map (called
the Poisson bracket)
{-,—}:PxXP—P

satisfying the following properties: for any a,b,c € P,
O Skew-symmetry: {a,b} = —{b,a}
@ Leibniz rule: {a,bc} = {a,b}c+b{a,c}
@ Jacobi identity: {a,{b,c}} + {b,{c,a}} +{c,{a,b}} =0
Note that by skew-symmetry, Leibniz rule also holds for the first factor
{ab,c} = a{b,c} +{a,c}b.
Example 4.1.6. Let M be a symplectic manifold. Then
(C=(M),{=,-})

is a Poisson Algebra. Here {—, —} is the Poisson bracket associated to the symplectic structure.

In other words, classical observables form a Poisson algebra.

Let (A,-) be a commutative algebra. Let (A[[A]], *) be a formal deformation of A. Let
[a,bls :=axb—bxa

denote the commutator with respect to the product . Since * is associative, [—, —]. satisfies
the Jacobi identity
[0, b, -] + b, e, alu L. + [e, [a, B)uJ. = 0

(Exercise: Check this.) Therefore [—, —]. defines a Lie bracket on A[[A]], which measures the
noncommutativity of x.

By the commutativity of the undeformed algebra (A, -), we have for any a,b € A
[a, bl = Ap1(a,0) — pa(b,a)) + O(X?).
Let us define {—,—} : Ax A — A by
{a,b} := p1(a,b) — p (b, a)

or written as

1
a,bt =1lim —(axb—>bx*a
fa,b} = lim 1 (a )
which captures the first order noncommutativity of x.

Proposition 4.1.7. (A,-,{—,—}) forms a Poisson algebra.
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Proof: The skew-symmetry is obvious. The Leibniz rule follows from the A — 0 limit of

1
X([a,b*c]* — [a,bl« x ¢ — b [a,c|s) = 0.

The Jacobi identity follows from the A — 0 limit of
1
3z (e, b, + b, [e; ali]« + e, a, Blud+) = 0.

We can summarize the above discussion as

A-family of Associative algebra 220, Poisson algebra.

In mechanical problems, we usually have a classical system with classical observables as a

Poisson algebra. The program of deformation quantization asks for constructing a quantized

algebra (A[[A]], %) such that its classical limit is the prescribed Poisson algebra (\ = ih)

quantization

Poisson algebra Associative algebra
classical limit

Definition 4.1.8. A deformation quantization of a Poisson algebra (A,-,{—, —}) is a formal

deformation (A[[A]], *) such that
1
—, —} = lim —[—, —]4.
{--}=lim 7[~,-]
Given a Poisson algebra, its deformation quantization may not be unique.

Example 4.1.9. Let A = C*®(R?) with

df 0g Of 0g

{f.g} = %870 - 87)%

Let x be the standard Moyal product
2 T T
fxg=Tfe " g,

For any o € R, consider the operator

A

Ny i= e2%555 : A[[N] — A[M]].

A, O 0B
53 575- - . . . . . . . —
Here €2“92 v js understood via its power series expansion. N, is invertible and N, = N_,,.

Let us define
[ *ag:i= Nojl (Naf) * (Nag)) -

It is clear that (A[[N]], *«) defines a formal deformation for any o € R. Ezplicitly,

In particular,

(4,9} = lim £(f %0 9~ %0 f)
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holds for any o € R. Thus (A[[A]], *a) is a deformation quantization of (A,-,{—,—}) for any
a € R. When a =0, we get the Moyal product. When oo =1,

(38
frig=fer T7/g
1s related to the normal ordering by placing the quantum operator p = —)\8% to the right of x

Tk P = TP

PRI T =TPp— A

Thus *4—1 captures the composition of differential operators.

4.2 Geometric Approach on Symplectic Manifolds

Let (M,w) be a symplectic manifold of dimension 2n. The classical observables on the
phase space M form a Poisson algebra (C*°(M),{—, —}). DeWilde-Lecomte [13] obtained the
general existence of deformation quantization on symplectic manifolds via cohomological method
in 1983. Independently , Fedosov [1&] presented another beautiful approach via differential
geometric method in 1985.

In this section we describe Fedosov’s geometric construction of deformation quantization on
symplectic manifolds. The basic idea is that locally (M, w) is modelled on the standard symplec-
tic space R?" where Weyl quantization is available. Then we can glue such local quantizations

into a global one by a consistent parallel transport (i.e. by a flat connection).

4.2.1 Weyl Bundle
Formal Weyl Algebra

Let (V,w) be a linear symplectic space of dimension 2n. Denote
R o
o) = H Sym*(V*), V* = Homg(V,R)
k=0
by the ring of formal power series on V. Let {e1, -+ ,ea,} be a linear basis of V and
wij = w(ei, ej).

Let {yl, e ,y2”} be the dual basis of V*, which can be viewed as a set of linear coordinates

on V. Then we can identify

and express the symplectic form as



The Poisson bracket on 6(V) is

{f,9} = w0, f0,9
(2%]

where w* is the inverse matrix of wj;.

Definition 4.2.1. We define the formal Weyl algebra W(V') associated to the linear symplectic
space (V,w) by

where for f,g € G(V)H)\Ha

4

A i 0. 8
AN,y 0 9
2Z Ayt ayJ

f*xg:=fe I g.

Here we have suppressed the dependence of W(V') on the linear symplectic form w for
simplicity. The above definition of * does not depend on the choice of linear coordinates. It is
clear that W(V') gives a deformation quantization of <6(V), {-, —})

Weyl Bundle

Let (M,w) be a 2n-dimensional symplectic manifold. For any p € M,
(TPM W ’TpM )

defines a linear symplectic space.

Let W(T},,M) be the formal Weyl algebra associated to the linear symplectic space (TpM ,wlT, M) .

This can be viewed as a quantization localized near the point p € M.

Definition 4.2.2. The Weyl bundle of (M, w) is defined to be
W(M) = [] Sym"(T*M)[[A]].
k=0
The Weyl bundle has rank of infinity. At each p € M, the fiber of W(M) at p is

W(M)‘p = W(TPM)'
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More precisely, a smooth section s of W(M) is defined locally by

S(Xa y, )‘) = Z )‘kak,il-"il (x)yil e yil
k>0,1>0
11,5020

where {a;,...;,(x)} are smooth functions expressed in local coordinates {z’} of M, and {y'}
are induced fiber coordinates on T'M.
For simplicity, we will just write W for the Weyl bundle W(M) when the underlying man-

ifold M is clear from the context. We denote
I'(U, W) = {smooth sections of W in the open subset U}

for smooth sections in U. The Moyal product on each fiber W(T,, M) defines a fiberwise product

on W which we still denote by *. Explicitly, for any two smooth sections si, so of W, we have

A S i (x) 0 D
2 25,55,

(51 % 82)(X,y,A) = s1(x,y,A\)e ™ s2(X,¥,A)

in local coordinates as above. Thus
{T'(U,W}| U C M open subset}

form a sheaf of associative algebras on M.

4.2.2 Symplectic Connection

The space I'(M, W) forms an associative algebra, but it is too large for deformation quan-
tization. Our next goal is to construct a flat connection (Fedosov’s abelian connection) on 'W
to cut down the degrees of freedom. Since W is a bundle built on tensors of the tangent bundle
TM, there is an induced connection on W from any connection on T'M. We will start from

such a connection , and discuss how Fedosov trivializes the curvature in the next subsection.

Definition 4.2.3. Let (M,w) be a symplectic manifold. A connection V on the tangent bundle

TM is called a symplectic connection if

@D V is torsion free
VyY - VyX = [X,Y], VX,Y € Vect(M)

@ V is compatible with w
Vw = 0.

Symplectic connection always exists. To see this, let us choose a metric g on M and let
VY be the associated Levi-Civita connection. Then VY is torsion-free by construction, but may

not be compatible with w. We look for

V=Vi+ta, acQ (M End(TM))
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such that V becomes a symplectic connection. Let us write
VxY = VLY +a(X,Y).
Torsion-free condition asks
VxY - VyX — [X,Y]
=V4Y +a(X,)Y) - Vi X — oY, X) — [X,Y]
=a(X,)Y)—a(Y,X)=0

so we need « to satisfy
a(X,Y) =a(Y, X).

Compeatibility with w asks
Xw(Y, Z) =(VxY, Z) +w(Y, Vx Z)
which is equivalent to
w((X,Y),Z) —w((X,2),Y)=XwY,Z) —w(VLY, Z) — w(Y, V% Z).
Let &€ be the tensor defined by
XY, Z) = XalY, Z) - w(V%Y, Z) - w(Y, V% Z).
Skew-symmetry of w implies
§X,Y,2) = —¢(X,2)Y).
Torsion-freeness of VY and dw = 0 imply the total skew-symmetrization of £ vanishes, i.e.
EX,)Y,2)+ &Y, Z,X)+£(Z,X,Y) =0.
We look for « to satisfy
a(X,)Y)=a(Y,X)
w(a(X,Y),Z) —wa(X,2),Y)=¢X,Y,Z)
One such « can be found by solving the equation
wla(X,Y),2) = S6(X,Y.2) + 1Y, X, 2).
Non-degeneracy of w guarantees this equation is uniquely solved. Such determined « clearly
satisfies a(X,Y) = a(Y, X) and
w@(X,Y),Z) —waX,2),Y)

(§(X7Y7 Z) +§(KX7 Z) _§(X7 ZvY) —S(Z,X,Y))

(2§(X7Y7 Z) - (f(Y7 Z7X) +§(Z7X7Y)))

O = W = W =

(26(X,Y, 2) +£(X,Y, Z))

={(X,Y, Z)
as required.

Unlike the Riemannian case, symplectic connections are not unique.
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Theorem 4.2.4. Symplectic connections on a symplectic manifold always exist. The set of

symplectic connections is an affine space modelled on T'(M, Symg(T*M)).

Proof: We have shown the existence of a symplectic connection above. Let V and V' be two

symplectic connections and they differ by
VY =VxY +a(X,Y).

Torsion-freeness requires a(X,Y) = a(Y, X). Compatibility with w asks w(a(X,Y),Z) =
w(a(X,Z),Y). Let 8 denote the tensor

B(X,Y,Z) :=w(a(X,Y), 2).
Then the above two conditions become

ﬁ(X,KZ) = B(YvX’Z
BX,Y,Z) = B(X,Z2,Y)

~—

which is equivalent to the total symmetry of &, i.e.
B € T(M,Sym®(T*M)).
O
Definition 4.2.5. Let V be a symplectic connection on (M,w) and RV denote its curvature.
RY(X,Y)Z = (VxVy = VyVx —Vixy)) Z
for vector fields X,Y, Z on M. Define the symplectic curvature RY by the tensor
RY(X,Y,Z,T) == w(RY(X,Y)Z,T).
Compeatibility with w implies

RY(X,Y,Z,T)
=w((VxVy — VyVx — Vixy)) Z,T)
=—w(Z,(VxVy = VyVx = Vixy)) T)
= —w(Z,RY(X,Y)T)
=w(RY(X,Y)T, Z)
=RY(X,Y,T, 7).

Thus RZ is skew-symmetric in the first two arguments and symmetric in the last two
RY € T(M, N} (T*M) @ Sym?(T*M)).
Since V is torsion-free, RY also satisfies the First Bianchi identity
RY(X,Y,Z,T)+ RY(Y,Z,X,T)+ R (Z,X,Y,T) = 0.
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4.2.3 Fedosov’s Abelian Connection

Let V be a symplectic connection on (M, w). It naturally induces a connection on all tensor

Sym"(T* M) hence a connection on the Weyl bundle

W = [ Sym™(T*M)[[N]].
k=0

Let {ml} be local coordinates on M and

1 i y
w=g Zwij(x)das A dax?, wij = wW(0yi, Opi )
irj

Let {yl} be the corresponding fiber coordinates on T'M. We can represent the symplectic

curvature tensor )
RY € T(M, \(T*M) ® Sym®(T*M))

in local coordinates as
1 : :
RY = 1 Z Riju(x)da’ A da? @ yFy!
Z7J7k7l
where R;ji; is skew-symmetric in the first two (ij)-index and symmetric in the last two (kl)-

index. The explicit identification is

1 . .
w(VQ(é?xk), 8901) = 5 Z Rijkldl'z Adx?.
17]
Let us see how the curvature of V on the Weyl bundle W looks like. In local coordinates

y' is dual to d,:, thus

0=V? (Z Oy ® yk> = ZW(&Ik) 2 y" + Ok ® Vi~
k k

This implies

1 . )
k k k
Zw(@xk,axz)VQy = — Zw(vz(amk), aml) RKY" = D) Z Rijkldl‘Z ANdx? @y
k k 17]7k
i.e. ]
> wuViyr = 5 Z Rijpdz’ A dz’ @ ¢
k 1,5,k
1 . )
= V2ym — -5 _Zk:l WlmRz‘jklduTz Adel ® yk.
27‘77 b

We can write this in terms of the fiberwise Moyal product commutator as

1 1 . ) 1
Viym = Tl Z Rijidx’ A da? @ yFyh ™| = [ARZ,?/m}
ivjvkvl * -

Using the Leibniz rule and Moyal product formula, we find for any section s of W

Vis = {—iRz, s]
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i.e. the curvature of the induced connection V on the Weyl bundle W is

1
v?= [—RV —] .
AT,
Another good property of this induced connection V on W is its compatibility with the

fiberwise Moyal product: for any two sections sy, s5 of W,
V(s1 % s2) = (Vs1) * 82+ 81 % Vs

i.e., the fiberwise Moyal product * is V-parallel. This follows from the fact that * is constructed
out of w which is itself V-parallel.
On the other hand, we can modify the induced connection V on W by terms which do not

come from a connection on T'M. Specifically, for any 1-form valued in the Weyl bundle
v e QY (M, W)

we can define a new connection D on 'W by

1

Such connection is also compatible with the fiberwise Moyal product *: for any two sections
81, 892 of W,
1
D(s1 % s2) = V(s * s2) + Xh’ 81 % 82«

1 1
= Vs1 %89 + 51 % Vsg + X[% $1)x % 2 + XSI * [y, S2]«

= (Dsy) * 82+ s1 % Dsa.

The upshot is that it is possible to find a v such that D becomes a flat connection on W.
This is Fedosov’s key observation which will allow us to construct deformation quantization on

symplectic manifolds. To see this, let us first compute the curvature of D = V + % [, =],

1 1
D2 = Vz + X [V’Y, _]* + ﬁ [’77 [’77 _]*]*
1 1
_ U2 = _ _ _
1 e 1
=3 —Rw—l—V’}/—i—ﬁ[’%’Y]*v_

*

Note that % [v,7], = 7 * 7 since 7 is valued in 1-form. Thus we are looking for v € Q(M, W)
such that —RY + Vv + 55 [7,7], lies in the center of W, i.e.

—RY + V4 5 [3,9], € 2D,

Such a connection is called an abelian connection.

To construct an abelian connection v, we first consider the operator
§:W— QY M, W)

216



which is described in local coordinates by

5:;0&5"83.

Equivalently, if we denote

Y=Y wyda'y € QN (M,W)

]
then
5= 5 b, -]
- \ Y05 k-
Note that vg is V-parallel and
Vo + i['y Yolx = l'y * Y0 = L Z wirdrtwMwda! = 1 Zw-dmi ANdz?l = —w
0 2\ 0,7/0]* )\0 0 2”klz j 9 L. 1J
Z?]? ) Z7]

which is the negative of the symplectic form.

We also consider the adjoint operator
5 QY M, W) — T'(M, W)

defined by
” =Y v,

Both § and §* extend to forms of arbitrary degrees

§: QP(M, W) — QPTL (M, W)
5 QP(M,W) — QP71 (M, W)

and satisfy the following Hodge type relation
00"+ 6" =p+gq on QP(M,Sym?(T*M))[[\].
In particular, § is null-homotopic when p + ¢ > 0. This immediately proves the following
Lemma 4.2.6. The cohomology of (2*(M, W), d) is concentrated in degree 0 and
H*(Q*(M, W), 8) = H*(Q*(M, W), 5) = C>®(M)[[\]].

We define a Z-grading “wt” of weight on the Weyl bundle W by assigning

It is clear that the fiberwise Moyal product preserves weights. Such a weight defines a filtration
W=WoDOW;D---DW,, D---

where W,,, consists of elements of weight > m.
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Theorem 4.2.7 (Fedosov). Given any sequence {wy};~, of closed 2-forms on M, there exists
v € QY(M, W) of the form

’7:70—*—7—’_7 ’Y+EQ1(M7W3)

such that
1
—RY + Vy+ — [1,7], = wa.
2\
Here wy = —w + > Mwy. In particular, the connection D = V + 1 [y,—], is an abelian

k>1
connection whose curvature on W is zero.

Proof: Note that +[yo +~", —]. = d + 1[v", =]« and Vo + 55[70,70]+ = —w. Let us denote

1
Sy =0yt + V[ AT - RY = ) M.

2\
E>1
The required equation for v is X(y) = 0.
We decompose v into
vh=ag A
where ~,5 is homogeneous of weight m. Observe that both V and [—, —|« preserve the weights

while § decreases the weight by 1. We will solve ¥(y") = 0 order by order in terms of weight.

The lowest order term in X(y1) has weight 2 and we need to solve
67§ — RY — dwy = 0.

Note that §(RY + Awi) = d(RY) = 0 by the First Bianchi identity. By Lemma 4.2.6, we know
RY + A\w; must be d-exact since it lies in cohomology degree 2. Hence ’ygr can be solved.

Assume we have found
Vimo1 =7 + o, m>4

such that
E(Vimq) € QQ(Ma Wmfl)'

We look for ~;t such that the following holds
S(v4,,) € Q3(M, W),
First observe that for any
(743001 ) (FRT + 9+ 55 bl ) =0
A 2\
which is essentially the Bianchi identity for the curvature. Let

Y4, 1) =Om—1  modulo Q*(M,Wp,).
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where O,,,_1 has weight m — 1. Applying the above Bianchi identity to ~y + 'yim_l and using

the fact that wy’s are closed, we find

1
— VZ(’Yi_mfl) + 52(7;m71) + X ’Y;m717 E(,‘Y—Si_mfl) = 0

Picking up the leading order in weight, we find
00m-1 =0.
On the other hand, the leading order in weight of E(fy;m) is
E(y;rm) :E('y;rmfl) + oyt modulo  Q*(M, W,,)
=01 + 07, modulo Q*(M,W,,).

Since 00,,—1 = 0 and O,,_1 is a 2-form, by Lemma 4.2.6 we know O,,_1 must be J-exact. So
we can find v, such that O,,_1 + 67,5, =0, i.e., Z(fy;rm) € O%(M, W,,) holds.

Thus we can recursively construct
Y=Y+ ol

such that
1
_pv el —
R +Vy+ oy [v:7], = wa

holds. In particular, the curvature of D =V + % [v, —], is

*

1 1 1
_D2 = — | — Vv _— — | = — — | =
since wy lies in the center of 'W. ]

4.2.4 Symbol Map

Let D=V + % [7, —], be Fedosov’s abelian connection which gives a flat connection on the

Weyl bundle W. It defines a de Rham chain complex
(€*(M, W), D)
with the associated cohomology
HhH(M,W) := H*(Q*(M, W), D).
Proposition 4.2.8. The cohomology H}, (M, W) is

T SW(M)[[AH -
P>
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Proof: Consider the following filtration induced by the weight
FnQP (M, W) == QP (M, Wy,—p).
Here for k < 0, Wi, = Wy = W. This gives a decreasing filtration
Q* (M, W) = FyQ* (M, W) D F1Q*(M,W) D --- D F,Q*(M,W) D> ---
Fedosov’s abelian connection has the form

1
D=6+ 4350,

A
which clearly preserves F,,,Q2*(M,W). The induced differential on the graded piece is
F,Q*(M,W
§:Grh — b Gl = ( )

Frop1 Qo (M, W)’

Since W is built from formal power series, there is a natural vector space isomorphism

aF = H Grl = Q° (M, W).

m>0

It follows from Lemma 4.2.6 that
H'((/}\rF,é) ~ H*(Q*(M,W),8) = H'(Q*(M, W), 8) = C=(M)[[\].
So the spectral sequence of the filtration degenerates at E£-page and the proposition follows. [J
Let FfDlat(M , W) denote the space of flat sections of W
T (M, W) == {s € T(M, W) | Ds = 0}.

Equivalently, we can identify
O (M, W) = HY (M, W).

The above proposition says
0 — DI (M, W) — QO (M, W) 25 Qb (M, W) 25 ...

is an exact sequence and

TR (M, W) = C(M)[[A]
This isomorphism can be described explicitly as follows.

Definition 4.2.9. Define the symbol map

o:T(M,W) — C(M)[[A]
s(x,y,A) — s(x,0,\)

which sends all fiber variables y° to zero.

The above spectral sequence computation shows that
o : TL™ (M, W) = C=(M)[N]
gives the required isomorphism.
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4.2.5 Globalization

Fedosov’s abelian connection allows us to globalize local Weyl quantization to obtain a
deformation quantization on the whole manifold. We explain this construction in this subsection.

The connection D = V + 1 [y, —], is compatible with the fiberwise Moyal product

%
D(s1 % s2) = Dsy % s2 + s1 % Dso.
Thus if s1, s9 are flat sections, Ds; = Dsy = 0, then
D(s1%s2) =0
SO 81 * 89 1is also a flat section. Therefore

(DD (M, W), %)

defines an associative algebra.

In terms of the isomorphism via symbol map
o s DM, W) =5 C(M)[[A]
we have an induced associative product xp on C°(M)[[\]]
fxpg=0a(c™(f)x o (g))
for f,g € C*°(M)[[A]]. In other words, the symbol map identifies two associative algebras
(PR (M, W), ) 5 (C(M)[[N]], D)

Theorem 4.2.10 (Fedosov). (C*°(M)[[A]],*p) defines a deformation quantization on the sym-
plectic manifold (M,w).

Proof: The induced product *p is clearly A-linear and associative. Let f,g € C°°(M). By the
fiberwise Moyal product

fxpg=0a(c ' (f)xo"(9) = fg+ O(N)

so the limit A — 0 of xp gives the classical product.

We are left to check the first order non-commutativity. Let
o) = F0) - Y fix)y modulo W,

The flatness condition D(oc=1(f)) = 0 implies

df<x>—6<2fi<x>yi>=o = =g
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Thus
1 1

X[fag]*D =5° (o= ()07 (9)]+)

o1 o1
— o [ S w2z 00 gy

T oy* oy’
=Y W@ fi(x) f;(x) + O(N)
i,J
={f.g9} +O(N)
as required. ]

4.3 Poisson Manifold

Functions on a symplectic manifold define a Poisson algebra. However, Poisson algebras
can arise in a more general setting on so-called Poisson manifolds. This includes a large class
of important examples, such as the dual g* of a Lie algebra g whose deformation quantization

leads to the universal enveloping algebra U (g).

4.3.1 Polyvector Fields

Definition 4.3.1. Let M be a smooth manifold. Denote
PV*(M) = PPVH(M),  PVH(M):=T(M A*TM).
k
Elements of PV¥(M) are called k-polyvector fields. We denote |u| = k for u € PVF(M).
PV*(M) is a graded commutative algebra under the wedge product
anp=(=1)llflgaq.
For k =1, PVY(M) = Vect(M) are vector fields on M. There is a Lie bracket on Vect(M)
[—,—]: Vect(M) x Vect(M) — Vect(M).

This Lie bracket extends to polyvector fields by

[(XiA- - ANXp, YI A AYy]sn
=Y ()XY AXIA AKX A A Xy AYE A AT A A Y,
0

and
L XA A Xplsn =Y (D) X()XI A AX A A X
for vector fields X;,Y; and function f. This bracket
[—, —]sn : PVF(M) x PVY(M) — PVFH=1(Ar)

is called the Schouten-Nijenhuis bracket, also known as the Schouten bracket.
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Proposition 4.3.2. The Schouten-Nijenhuis bracket satisfies the following

o Skew-symmetry
[, Blsn = —(=1){eI=DIPI=D 5, aJgy

o Leibniz rule

[, BAYsn = [a, Blsn Ay + (—1)UA=DIBIB A [a, 4]sx

e Jacobi identity
(o, Blsn, Asn = [a, [B,A]sn]sn — (= 1)II=DUA=D8 o, 4]sn]sn

Proof: Direct computation. ]

The Jacobi identity can be also written in the symmetric form
(—=1){Ie=D=D a, [8, y]gn]sn+(—1)P=DUA=D18 [y, algn]sn+(—1) PIDIID [y, o, Blsx]sy = 0.

4.3.2 Poisson Manifold and Poisson Cohomology

Poisson Manifold

Definition 4.3.3. A Poisson bivector on M is a 2-polyvector field P € PV?(M) satisfying
[P’ P}SN =0.

A pair (M, P) where P is a Poisson bivector is called a Poisson manifold.

Let (M, P) be a Poisson manifold. We can define a Poisson bracket on C*°(M)

{—=,—}p : C°(M) x C*(M) — C(M)

{f,9}p = P(df @ dyg).

In local coordinates {a:l} on M, let

1 .
P=; Z PU(x)Dyi N D,
Z?J

Then
{£.9}p = _ P9 (x)0,i fOsg.
%,

Proposition 4.3.4. (C*(M),{—,—}p) defines a Poisson algebra. The Jacobi identity of
{—,—}p is equivalent to [P, Plgy = 0.
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Proof: Let us check the Jacobi identity of {—, —}p.

{{f,9}p,h}p + cyclic permutations
= Z Py, (Pklak fo g) 0jh + cyclic permutations
= Z P49, P, fo, g0jh + cyclic permutations
1 g
= (2 > PIg PR o, Aoy A aj> (df ® dg ® dh)

= ([P, Plsn) (df ® dg @ dh).

O
Example 4.3.5. Let (M,w) be a symplectic manifold. In local coordinates
w= §wijdxi Ada.
Let w" be the inverse of w;j. Then
wli= EZw“c‘? i N O,
2 - x X
/L?]
defines a Poisson bi-vector. The Poisson bracket {—, —} 1 is precisely the one on the symplectic
phase space. In this case
dw =10 = [w™ ! w sn = 0.

Example 4.3.6 (Constant Poisson Structure). Let M = R" and
1 y y
Pzizpz']ami/\amja PZ‘]ER.
2%
Since PY’s are constants, [P, Plsy = 0 holds. Such P is called a constant Poisson structure.

Example 4.3.7 (Linear Poisson Structure). Let M = R"™ and

P= 5 Z'ijlj <X)ax’ A aﬂcﬁ Pl](x> - gcgmk

Here cﬁcj € R are constants, thus PY(x) is linear in x. The Poisson bracket reads

{xi, xj}P = Z czjxk
k
It is clear from this expression that the Jacobi identity is equivalent to the condition that cz,j
defines the structure constant of a Lie algebra.
Intrinsically, we can identify M = g* as the linear dual of a Lie algebra g. The linear

coordinates {xl} can be viewed as a basis of g, under which the Lie bracket is expressed via the

structure constants czj. The linear Poisson structure is also called Lie-Poisson structure.
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Poisson Cohomology

Let (M, P) be a Poisson manifold. Define
dp : PV*(M) — PV*TH(M)
a— [P, alsn
Using the Jacobi identity
[P, Plsn, —Jsn = 2[P, [P, —]sn]sn
and the Poisson condition [P, P]gy = 0, we find
d3 = 0.
Thus (PV*(M),dp) defines a complex
0 — PVO(M) 22 PVE(M) 25 o 2B PV (M) — 0,  n=dimM

which is called the Lichnerowicz complex.

Definition 4.3.8. The cohomology of the Lichnerowicz complex is called the Poisson cohomol-
ogy, denoted by
HE(M) := HY(PV*(M),dp).

Example 4.3.9. Consider an infinitesimal deformation of the Poisson structure
P — P+¢eQ, Q € PV?(M)
where € is the infinitesimal parameter. The Poisson condition at leading order
[P +¢eQ, P+ eQJsx = 2¢[P,QJsx =0
says Q is dp-closed. Let X be a vector field. It generates a flow on M which changes
P— P+dpX.

So dp-exact @ corresponds to trivial deformations induced by diffeomorphisms. Thus

first order deformations of P}
{trivial deformations}

m30n) =1

Example 4.3.10. Let (M,w) be a symplectic manifold and P be the Poisson bi-vector P = w™".

The non-degeneracy of w induces a bundle isomorphism
o:TM — T*M
X — —ixw

In local coordinates w = %wijda:i A da?
@(8361) = — Z wijdxj.
J
Ezxtending to exterior tensors, ¢ induces an isomorphism
@ : PVF(M) — QF(M)
between k-polyvector fields and differential k-forms. Observe that
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e for any function f,

o(dpf) = Zw i fOu | =df
o for vector field O,

1 y
(p(dp(axk)) =¢ _5 Z 3kw”8wi A Opj
4,J
1 i m l
=—3 Z Opw" wimwjidz™ N dx
i7j7m7l
1 i m .
=35 Z Opwimw" wjidz™ A dx
/[:7j7m7l
1 ,
=5 Z Opwimdx™ A dx®
i,m

——— ) (Oiwmk + Opwgs) dz™ A da’

i,m

()

Using the Leibniz rule, we find ¢ identifies two complexes
K2
(PVE(M),dp) — (2°(M), d).

In particular, we have
H? (M) £ H*(M).
This says that Poisson deformations of w™! are parametrized by H*(M), i.e., are induced from
deformations of the symplectic form w in H*(M).
4.3.3 Kontsevich’s Star Product
Star Product

Definition 4.3.11. Let (M, P) be a Poisson manifold. A star product (or a deformation
quantization) on (M, P) is a formal deformation (C*°(M)[[\]], *) of C*°(M)

Frg=1F-g+> Nu(f.9)

k=1

such that

. hm s(fxg—gxf)={f.g}p

e Each g is a bi-differential operator.
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In other words, a star product on (M, P) is a deformation quantization of the Poisson
algebra (C*°(M),{—, —}p) such that all u;’s are “local”. We can also replace C*°(M) by other

appropriate functions (such as polynomials/formal power series, etc) in specific context.

Example 4.3.12. Let (M,w) be a symplectic manifold and P = w™'. Then Fedosov’s abelian

connection D leads to a star product xp on (M,w™'). See Section 4.2.5.

Example 4.3.13. Let M = R" and

1 . .
P:§ZP”8xi/\8xj, PY eR
Z’Mj
be a constant Poisson structure. When det(PY) = 0, P does not come from a symplectic

structure. Nevertheless, the same formula of Moyal product

-
A ij 9 8
2 P55

fxg:=fe ©

defines a star product on (R™, P).

Example 4.3.14. Let g be a Lie algebra and M = g* which is equipped with the Lie-Poisson

structure Py. Let
UMNg) :==T(g)[\]/ ~

where T(g) = @ g®™ is the tensor algebra of g and the quotient relation ~ is
m>0

TRY—y®x~ Az,y.
If we specialize to X = 1, then U(g) is the universal enveloping algebra of g. Let

Sym(g) = (P Sym™(s) = lim U*(g)

—0
m>0

denote the ring of polynomial functions on g*. We can embed Sym(g) into U(g) via the

symmetrization map
v : Sym(g)[\] — U*(g)

)\l
xr1x2 - ‘mm)\l — % Z To(1) Q- Lo(m)
UGSm

which is a vector space isomorphism by the Poincaré-Birkhoff-Witt Theorem.
UMg) is an associative algebra with ® as the product. This allows us to define a canonical

star product xg on Sym(g)[A] by

(fr#q f2) == @ " (@(f1) ® @(f2))-

For example, if X,Y € g are linear, then
XY =9 (X®Y)=0¢p §(X®Y+Y®X)+§(X®Y—Y®X) :XY+§[X,Y].
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X2 4V =p (X ®X®Y)

1
=1 (3(X®X®Y+X®Y®X+Y®X®X)

2 1
+3X®(X®Y—Y®X)+3((X®Y—Y®X)®X)>

2
=X?Y + A\X[X,Y] + %[X, [X,Y]].

It is worthwhile to point out that the Moyal product formula does not work in this linear

Poisson case. The term %2 [X, [X,Y]] gives a further correction in the above example. In general,

the Moyal product formula

o[>

— —
9 _pij _0
e % ozt P (X) oxd

fails to be associative when P%(x) are not constant. This leads to a major difficulty in con-

structing star product on Poisson manifolds.

Example 4.3.15. Let M = R? and P = zyd, A 8. Denote by
Doge = 102, Dhogy = ¥y,
Then we can write P as
P = Qg2 A Olog y-
It follows that | -
3 (Proze Trows=Troxs T 1on)

f*xg:= fe?

defines a star product on (R%, P). In this star product

A
TxY=e22Y

A
Yy*xr=e 22y
In particular, we find
Txy = ety
Kontsevich’s Star Product

In [34], Kontsevich figured out a remarkable explicit way to correct the Moyal product
formula into an associative product using the quantum field theory of two-dimensional Poisson

o-model (as explained later by Cattaneo-Felder [2]).
Theorem 4.3.16 (Kontsevich). Deformation quantization exists on any Poisson manifold.

We sketch the basic idea of Kontsevich’s construction. Consider the Poisson manifold
1 .
(R", P =2 > PU(x)0,i A Oys).
,J

Let ', be a graph with r+2 vertices and 2r (directed) edges drawn in the upper half-plane such
that two vertices are placed on the real line with only incoming edges and each of the other r

vertices is placed in the interior with two out-going edges from it.
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f' §; f' g

From each T',, we can write down a bi-differential operator Cr,(f,g) by assigning P =

3 > P (x) 8?;1' ® % to each of the r vertices in the interior where we place the two derivations
17-]

821' and % to its out-going edges. For example, the first graph in the above figure gives

1 . L Of _ 0g
- ij Y9
2 ; PO (x) oz’ ® oxJ

and the second graph gives
1 1[0 0%f Og
=N pEy S phm 2
2 ; ; 2 <8x1 > dxk i dxm

Then we can construct a star product of the form

:U’T(fhg) = ZWFTCFT(fag)
Iy

where the coefficients wr, is obtained from an appropriate Feynman graph integral over the
configuration space of the upper half-plane.

The Feynman graph integral arises from the correlation functions in the Poisson og-model
i, 1 ij
SXon) = | mda+ 5 [ PP (@) A
H H
where X = (X?) is a bosonic field describing mappings from the upper half-plane H to R"
X:H—R"

and 1 = (1;) is a fermionic field valued as a 1-form on H. The associativity of the star product
* follows from a version of Stokes Theorem.

The Moyal product formula corresponds to the graphs

L L f- g- f- g-

f g

Kontsevich’s formula gives a manifest correction of the Moyal product by all possible graphs

with edges connecting two interior vertices.
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4.4 'Trace Map

We consider (M,w) to be a symplectic manifold in this section. Let (C°°(M)[[A]],*) be a

deformation quantization. A A-linear map
Tr: C=(M)[[N]] = R((A))
is called a trace map if
Tr(fxg) = Tr(g* f) or equivalently Tr([f,9]x) =0

for any f,g € C*°(M)[[A]]. Since Tr is A-linear, it suffices to assume f,g € C°(M).

The star product x describes the algebraic structure of quantized operators on the phase
space. If there would be a representation of the quantized operators, then the corresponding
trace on the representing Hilbert space would annihilate the operator commutators. A trace
map defined above precisely models this information without specifying the representation.

It turns out that on a symplectic manifold, there exists a unique nontrivial trace map (up
to a coefficient rescaling) on the deformation quantized algebra. In this section, we present an
explicit construction of this trace map in terms of the quantum Hochschild-Kostant-Rosenberg

(HKR) map in Section 3.6.5 and Fedosov’s abelian connection.

4.4.1 Differential Graded Algebra
Differential Graded Algebra (DGA)

Definition 4.4.1. A differential graded algebra (DGA) consists of a graded vector space

A:EBA”

neL

together with an associative product - and a linear map d : A — A (the differential) such that
@ the product - preserves the degree A™ . A™ C Am+n
@ the differential d increases the degree by one: d : A" — A"! and satisfies d> = 0
@ graded Leibniz rule holds: for any aj,as € A
d(a1 - az) = d(ay) - ag + (=1)1*la; - d(ay)
Here we write |a| for the degree of a, i.e., |a| = p for a € AP.
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For a graded algebra A, we will use [—, —] to denote the graded commutator

la1,a2] = araz — (—1)‘“1HUL2|

a2aq.
If [a1,a2] = 0 for all a;,a2 € A, we say A is graded commutative.

Example 4.4.2. The de Rham complex (2*(M),d) on a manifold M is a DGA. The differential
d is the de Rham differential. Q*(M) is graded commutative.

Example 4.4.3. Let (V,w) be a linear symplectic space with linear coordinate {y'}. Let

)

(V) :=R[[y', dy’, A]]

denote R[[N]]-valued formal differential forms on V. Let d denote the de Rham differential with
respect to variables {y'}
. 9
d= dy' —
Z Yy ayz

7

The Moyal product * extends to a product on Q(V) by

(fr(y, Ndy") * (g5(y, Ndy”) := (fr(y, A) * gs(y, A)dy" A dy”’

Here I, J are multi-indices. The triple (KAZ(V), *, cz) defines a DGA, which will be used in Section

4.4.83 to construct the trace map.

Hochschild Chain Complex

In Section 3.6.5, we have discussed the Hochschild chain complex of an associative algebra
b b b b
= Cp(A) = Cpq1(A) = - = C1(A) = Cy(A)

This generalizes naturally to differential graded algebras. We follow [16].
Let (A,d) be a DGA where d is the differential and

Cp(A) = A®PHL,

The Hochschild differential b is modified to incorporate with the graded signs

Pl 13 (a4
blag®a1 ® -+ @ ap) = Z(fl) i=0 A ® - ® apapi1 @ - @ ay
k=0
-1
japl+(lap+1) S (jail+1)
+ (-1) i=0 apay @ a1 ® -+ ® ap_1.

The differential d induces a differential on Hochschild chains (still called d) by
P S )
d(ao®a1®~--®ap) = Z(_l)izo ' a0®"‘®dak®"'®ap-
k=0

It is straight-forward to check that
v =d*=0, bd +db =0
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The chain complex Co(A) is double graded. One grading p is the Hochschild degree C),(A).

There is another internal degree ¢ induced from the tensor of the graded space of A

G- @ Aoshonsar
j0+"‘+jp:q

We have
b:Cp(A)g — Cp-1(A)q

d: Cp(A)g — Cp(A)gt1
The Hochschild chain complex of the DGA (A, d) becomes the total complex of the double
complex C,(A) with differential d + b.

It will be useful to introduce the following operations on Hochschild chains.
Definition 4.4.4. Given a € A, we define
adg: A— A by ady(u) == [a,u] = au — (=1)l*Myq
and extend ad, to Hochschild chains
adgy : Ce(A) — Co(A)
by

» k=1
lal 3= (Jail+1)
ada(a0®a1®---®ap) :Z(_l) i=0 a @ @adgar ® - @ ap.
k=0
For example, we have

adg(ap ® a1) = [a, ag) ® a1 + (=)l gy @ [a, a).
Definition 4.4.5. Given a € A, we define
Aot Co(A) — Co(A)
by
lal+(lal+1)

p
Na(ag® a1 ® -+ ® ap) 1= Z(—1) i
k=0

(lail+1)
0 QX RapPaR a1 Q- Q ap.

k
For example, we have
Aalag @ a1) = (—=1)lelHUal Dol g0 0 ¢ @ ay + (—1)lelFelFDlaol+al+2) ) @ ¢ @ a.
Proposition 4.4.6. The following relations hold
adf, 4 = adg adg —(—1)‘“”‘” adg ad,
Aahg = (—1){elFDdalD) Az A,
adg = b Ag — (=D)AL b
Nadaa = (—1)l (ada Na — (=1)llEHD A ada>
adge = dad, —(—1)19 ad, d
Ada = = (d A =(=1)/1 7, d)

Proof: Direct computation. O
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Twisting Construction
Let a € A! be a degree 1 element. Consider the twisting of the differential d by
dg :=d+ ad, .
Such d, also satisfies the Leibniz rule
do(ay - as) = (dgar) - az + (=1)"ay - dy(as).
By Proposition 4.4.6, we have
2
da = addaJr%[a,a] :
Definition 4.4.7. A Maurer-Cartan element of (A, d) is a degree 1 element a € A satisfying
1
da + —[a,a] = 0.
2
This is also called the Maurer-Cartan equation. Since |a| = 1, this is the same as

da + a® = 0.

Thus if a is a Maurer-Cartan element, then (A, d,) defines a new DGA which will be called
the twist of (A, d) by a. The Hochschild chain complex of the twisted DGA is related to the

untwisted one by the following proposition.

Proposition 4.4.8. For any degree 1 element a € A', we have
—Na Na
e "(d+b)e =d+b+ads — NAggra2 -

In particular if a is a Maurer-Cartan element, then the operator ea intertwines the Hochschild

chain complex of the twisted (A, d,) with the untwisted (A,d) in the following sense
(d+b)e™ = e"o(d + ad, +b).

Proof: By Proposition 4.4.6,

[d, /\a] = —/Nda
[b, \g] = ad,
[ada, Aa] = —Nadg(a) = —2Ng2

It follows that

1
e " (d+ b)et :(d+b)+[d+b,/\a]+§[[d+b,Aa],/\a] =d+b+ad, — Age — N2 -
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4.4.2 Quantum HKR Map

In Section 3.6.5, we have explained how S'-correlation on the phase space R?" leads to a
quantum HKR map. We reformulate this construction on the formal Weyl algebra and explain

how to glue it to the Weyl bundle on a symplectic manifold.

Local Case

Recall the S'-propagator in Section 3.6.4

1 .
G(01,00) = g(02 —01) =y 5 —ePmn(,
nez\{0}

The periodic function g(0) is explicitly given by

0 6=0
g(0) = 1
9—5 0<b<1

Let (V,w) be a linear symplectic space with

1 i >
w=g Zwijdy Ady’.
i
The associated formal Weyl algebra is
W(V) = (V)] ) = (R[[y", A]], ).
The following definition is a reformulation of Definition 3.6.12 into the current setting.

Definition 4.4.9. We define the S'-correlation map

by
<f0®f1®"'®fm>51

2 wijg(gmgﬁ)%i
=m! / d90d91 T d9m62 e ayg ) 3y;ﬁ) fO(y(O)’ )‘) T fm(y(m)v A)
Cycm+1(S )

yga)=yi.

Here
Cycpir (SY) = {00,601, -+ ,00m) € (SH)™ 00,61, - , 0, are distinct in clockwise cyclic order} .

to
01
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The following lemma will be useful when we discuss gluing the S'-correlation map on

general symplectic manifolds.

Lemma 4.4.10. Assume h(y) is a constant or linear in y. Then for any f; € VAV(V)

[y

m—

(o2 @fih®fin® @ fn)g+{fo®@ @fm@hg =h{fo@ @ fu)s
0

1=
Proof: This is clearly true when h = constant. Assume h is linear in y. Using the explicit

formula in Definition 4.4.9,

[y

m—

(fo® @i ®hRfir1® @ fm)gr + (fo® - ® frn @)
0

1=

1
=h{fo® - ® fm)g + terms involving / df;G(6;, ;).
0

The proposition follows by observing that

1 1 1
/ d6,G(6:, ;) :/ d (9 - > — 0.
0 0 2

Let us denote

Q(V) = R[ly",dy', \]
which represents R[[A]]-valued formal differential forms on V. Let

d= Z dyiaii

K3

denote the de Rham differential in {y'}’s.

Definition 4.4.11. We define the quantum HKR map

A~ ~

P W)@ - @ W(V) — V)

by
Ao i@ f) = (foedie@dfn), .

T oml

Here df = > Oy fdy* and

(hodfie-@dfn) == > (Jo®0ufi®- &dymfu)gdy’ A--- Ndy'™.

1,7 tm

Proposition 4.4.12. The quantum HKR map is a chain map

A~

P (Ca(W(V)),b) — (Q°(V), AA).

a?/i L, ; is the Lie derivative with respect to the Poisson bi-vector w™".

Here A =" w

1,]

Proof: The proof is the same as in Section 3.6.5.
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Global Case

Let (M,w) be a symplectic manifold and V be a symplectic connection. Let W = W(M)
be the Weyl bundle and we define similarly the bundle of formal differential forms on T'M

Q=Q(TM) = ﬁ Sym*(T* M) @ A T*M[[\]].
k=0

We also define the bundle C¢(W) of Hochschild chains of W whose fiber over p € M is the
Hochschild chains of W(TPM ), i.e.

00 ®p+1
Cp(W) == (H Symk(T*M)[[)\H> :
k=0
The Hochschild differential b defines bundle maps
b: Cp(W) — Cp1 (W)

and (Ce(W), b) forms a chain complex of bundles.

The fiberwise quantum HKR map leads to a chain map of complexes of bundles
pA : (CO(W)ab) — (Q.a)‘A)

Here A is the fiberwise BV operator, which in local coordinates is

0
A = Z (,{)74] (X) 8y7f Layj .
Z’J

As bundle maps, all b, A and p* are C>(M)-linear.
The symplectic connection V also induces a connection (still called V) on Q via the tensor

construction. Since w is V-parallel, both b and A are V-parallel

Since p* is constructed out of w and the S'-propagator G(61,6s), we know p* is also V-

parallel. Thus we have a commutative diagram

A o~
Cp(W) —2— Qp

b

A ~
Cp 1 (W) —L— qr—t

where all maps in this diagram are V-parallel bundle maps.

4.4.3 Twisting by Fedosov’s Abelian Connection

Let D =V + % [7, —], be a Fedosov’s abelian connection as in Theorem 4.2.7. It gives a

flat connection on W and extends to
D:Q*(M, W) — QT M, W)
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via the following Leibniz rule
D(a®s)=da®s+ (-1)Plaa Vs, aeQP(M),seW.
The flatness of D implies D? = 0 on Q*(M, W). Thus we have a complex
(9°(M, W), D)

which is called the de Rham complex with values in 'W.
Since D is compatible with the fiberwise Moyal product, (Q2°*(M, W), D) becomes a DGA
with QP(M, W) the degree p piece. We denote this DGA as

QM,W) := (Q*(M, W), D)
Thus we have the Hochschild chain complex as in Section 4.4.1
Co(UM, W), D + ).

Let
7.

denote the fiberwise de Rham differential. In local coordinates

J:Zdyiaii.

This d is a bundle map and compatible with the fiberwise Moyal product:

~

d(s1 % 53) = d(s1) * s34 s1 % (dsg), Vs1,52 € W.
We extend d to a C°°(M)-linear map

d:Q°(M, Q%) — Q*(M, Q)

c?(oz@u) = (—l)poz®c/l\u, a € QP(M),u e Q.

Let
V QM Q%) — Q1 (M, Q%)

be the map induced on tensors from the symplectic connection V. Let {xl} be local coordinates

on M and {y’} be the induced fiberwise coordinates on T'M. Assume the connection V acts as
Vy' = ai(x)y,
J
then

Vdy' = 3 ajxdy’ = ~d | 3 aj | = ~dvy
j J
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A slight generalization of this computation shows
Vd+dv=0 on Q(M,Q°).

which simply says d is V-parallel.
Similarly we extend the BV operator A to

A QN (M, Q%) — Q°(M, Q1)

by
Alaou) = (-DPla@ AU,  a e QP(M),uc Q"

Then A is compatible with the symplectic connection V in the sense
VA+AV =0 on Q(MQ°).
We also extend the quantum HKR map p* : Co(W) — Q° to be valued in Q°(M)

P Co(QUM, W) — Q(M,Q*)

m—1
> Ko
1) #=1

P (Qotp ® a1y @+ @ Aty = (— (o A Aam) p (ug @ -+ @ ) -

Here a; € QI*/(M) and u; € W. The following diagram commutes

Co(QUM, W) —2—5 (M, 0*)

bk

Co(QUM, W) —25 (M, 0*)

Now we are ready to incorporate Fedosov’s abelian connection D = V + % [v, —],. Let us

consider the twisting of Hochschild chains by v € Q! (M, W)
™A L Co(QUM,W)) — Co(QUM, W)AH)).
Here [A\~!] means localizing A
(D = (=) @rpyg R()).
By the same computation as in Proposition 4.4.8
TV F0)eM N =V 4 bt adyx AV /A ty/aey/a = D b= % MR o -

Here we have used Vv + 5 [v,7], = RY + wy in Theorem 4.2.7. Thus

1
e/\’V/*(D + b) = (v + b+ )\/\R‘Y+w>\) e/
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Definition 4.4.13. We define the Fedosov-twisted quantum HKR map by
p) = pr o e Co(QUM, W)) — Q(M,Q°)[A1.
The following proposition is a reformulation of the BV quantization result in [23] [28].
Proposition 4.4.14. The following diagram commutes

Co(QUM,W)) N Q(M, Q%) A1

JDH’ lV+/\A+§c7RX
A

Co(QUM, W) —2 Q(M, Q%)[A]
Equivalently, pg gives a chain map of complezes
~ 1~
pD 1 (Co(QUM, W)), D +b) — (Q(M, Q)N V+ A+ Ade) .

Proof: Observe
C/Z\(R‘Y +wy) = C/i\RuV)

which is linear in y. It follows from the defintion of p* and Lemma 4.4.10 that
0 0 Arg (=) = RY - ().

Thus
pho(D+8) = poe™no(D+b)

1
A fe) <V + b+ )\/\RY;"“’JA) O 6/\’v/)\

A

p
Loy AL A
V+A+ —dR) | op™oe™/A
(v42a+3

1 ~
V+)\A+dRZ> o p).

4.4.4 Trace Map and Index

Definition 4.4.15. We define the bundle map (here dim M = 2n)

/B L Q(M, 0% — QM) ()

n
1 (1
— - |z J
/B s(x,y,A) == 13 Zw (X)Layi o, | s
er .3

y'=0
dy'=0

Remark 4.4.16. The map fBer is a version of Berezin integral on Grassmann variables.
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Note that [5. s =0 unless s € Q(M, 02"). Let us denote
1 , ,
W= Zwij (x)dy* A dy’
Z7J

Then for any a € Q(M), we have

Proposition 4.4.17. fBer is a chain map intertwining

/B : (Q(M, ﬁ')[xl],v + A+ iERX) — (QUM)((N)),d).
Here d is the de Rham differential on M.
Proof: For any s € Q(M, ﬁ')

A(s)=0 and / dRY As=0
Ber Ber

since A(s) can not lie in 02" while JR‘Y contains y which goes to zero under [;_ .

Let us assume s is of the form s = a% where oo € Q(M). Since V is a sympletic connection,

V@ = 0. Thus X R R
/ V(aw>:/ daw:da:d/ ozw—
Ber n! Ber ! Ber n!

This proves the proposition. ]

Proposition 4.4.18. The composition of the Fedosov-twisted quantum HKR map with fBer

gives a chain map
/B opd  (Co(2 (M, W)), D + b) —s (2 (M)((A)), d).

Proof: This follows from Proposition 4.4.14 and Proposition 4.4.17.
O

Recall that the space FfDlat(M , W) of flat sections of W defines a deformation quantization.
Restricting [, op}, to FfDlat(M, W), we obtain a chain map

la .
[ onb s (CoTR M W).H) — (2. d).
Definition 4.4.19. Define the trace map on the deformation quantized algebra FfDlat(M W)

Tr: DI (M, W) — R((\))

= [ o= [ [ e

Remark 4.4.20. This approach to trace in Definition 4.4.19 is equivalent to [23, Definition 2.41].

by

Theorem 4.4.21. The trace map Tr satisfies the following properties
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@ For f e C>®(M),

o) = SO ([ 12 ow).

@ For any s1,82 € FfDlat(M, W) which are compactly supported on M,

Tr(sy * s2) = Tr(sa * s1).

Proof: For D, the leading A-order contribution of Tro~!(f) comes from

| @ 0/
/ /Bcr SSIPED <f®d70 ®d%>
:W /M /B i f<d70>2"+0<x>)

Here 7o = > wijda’ 'yl e QYM, W), and dyy = — wadaz dy’.
7] 7‘7
Using a Darboux coordinate, it is straight-foward to compute

Sl

1 R n An

2n _ (_qyn*_Y
2n)!(d%) = (=07 n! n!’

—~

Then @ follows from

d .
2n / Berf ’YO /~/Ber n' n' /M TL'

For ), by Proposition 4.4.18 we have

Tr(sy * s3 — 2 % $1)

—Tr 81 ®82))

[ e
:/Md/BerpD(sl ® s2) = 0.

One remarkable property of the trace map is

Tr(1) = /M e NAAM)

Here w) appears in Theorem 4.2.7 which parametrizes the deformation quantization. This
formula is called the Algebraic Index Theorem which was established by Fedosov [19] and Nest-
Tsygan [10] as the algebraic analogue of Atiyah-Singer Index theorem. One geometric approach
to compute the algebraic index is to use the explicit trace map (Definition 4.4.19) and reduce it
to an exact semi-classical calculation in terms of Feynman diagrams. This is explained in [23]

[28], and A(M) appears as the one-loop contribution.
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